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The B r i l l o u i n  zone f o r  cadmium w i t h  r e c ip r o c a l  
l a t t i c e  d imensions and f r e e  e le c t r o n  Fermi 
ra d iu s .
P o r t io n  o f  the n e a r ly  f r e e  e le c t r o n  
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band ho le s  ( " c a p s " ) ,  (b) t h i r d  band e le c t r o n  
( " le n s "  and " s t a r s " )  and f o u r t h  band e le c t r o n  
( " c i g a r s " ) -  c ross  hatched.
Second band ho le  s u r fa c e  f o r  cadmium 
( "m o n s te r " )  a c c o rd in g  t o  the  n e a r ly  
f r e e  e le c t r o n  th e o ry .
Sample and c o i l  c o n f ig u r a t io n  f o r  the 
ra d io - f re q u e n c y  s iz e  e f f e c t .  The m agne tic  
f i e l d  H is  shown p a r a l l e l  t o  th e  c o i l  a x is ./v/ 1
An open o r b i t ,  the  p r im a ry  and secondary 
" le n s "  o r b i t s  a re  shown pass ing  th rough  
the  s k in  depth  whose th ic k n e s s  is  shown 
g r e a t l y  exaggera ted .
Basic equ ipment d iagram  used in  the  
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The Fermi s u r fa c e  o f  cadmium is  de te rm ined  from  c a l ip e r s  o b ta in e d  
th rough  r a d io - f re q u e n c y  s iz e  e f f e c t  measurements. The 6 MHz to  8 MHz 
r f  measurements were perfo rm ed a t  1. 2°K  on h igh  p u r i t y  m o n o c rys ta ls  o f  
cadmium a p p ro x im a te ly  0 . 5mm in  th ic k n e s s .  These measurements were 
made by o b s e rv in g  the  d i s c o n t i n u i t y  in  the  s u r fa c e  impedance o c c u r r in g  
when the c a r r i e r  o r b i t  d iam e te rs  span the  sample th ic k n e s s .  The 
Fermi s u r fa c e  was c a l ip e r e d  u s in g  samples whose normals t o  the  
su r fa c e s  were p a r a l l e l  t o  one o f  the  th re e  p r i n c i p l e  symmetry ... 
d i r e c t io n s :  [OOOl], [ l o lo ] ,  and [1120 ] w i th  m agne tic  f i e l d  r o ta t i o n s
in  the  p lane  o f  the  sample. C a l ip e rs  a re  ass igned  t o  d e f i n i t e  o r b i t s  
on the  f i r s t  and second band h o le  s u r fa c e s  and on b o th  shee ts  o f  
the  t h i r d  band e le c t r o n  s u r fa c e s .
The t h i r d  band e le c t r o n  " le n s "  is  found t o  be smooth and
° - l  jround w i th  a m ajor d iam e te r  o f  I . 56O A and v a ry in g  less  than \j>
, ° - l
in  the  basa l p lane . The m ino r  d ia m e te r  has a c a l i p e r  o f  0 .5 5 °  A . 
C a l ip e rs  a re  g iven  f o r  the  f i r s t  band ho le  s u r fa c e  excep t near i t s  
p o in te d  ends. The second band ho le  s u r fa c e  is  d iscussed  in  d e t a i l  
w i t h  the  ass ignm ent o f  tw e lv e  s e r ie s  o f  c a l ip e r s  t o  d e f i n i t e  
o r b i t s  on t h i s  shee t o f  the  Fermi s u r fa c e .  Both the  f i r s t  and 
second bands o f  ho les  a re  found t o  have c o n s id e ra b ly  s m a l le r  
c ross  s e c t io n s  than p re d ic te d  by the  s in g le  o r th o g o n a l iz e d  p lane  
wave c o n s t r u c t io n .  The d e t a i le d  shape o f  the  t h i r d  band e le c t r o n
" s t a r "  is  n o t  de te rm ined  due t o  the  r e in t e r a n t  n a tu re  o f  th e  o r b i t s  
on t h i s  shee t o f  the  Fermi s u r fa c e .  No c a l ip e r s  were observed w h ich  
c o u ld  be ass igned  t o  the  f o u r t h  band e le c t r o n  " c i g a r s " .  The p re s e n t  
r e s u l t s  a re  in  good agreement w i t h  the  u l t r a s o n ic  da ta  o n ly  f o r  the  
" le n s " .  The m agne tic  f i e l d s  used in  th e  in v e s t i g a t io n  were le ss  than 
1 kG so no m agne tic  breakdown e f f e c t s  were observed.
A t h e o r e t i c a l  c a l c u la t i o n  o f  the  l i n e  shapes encoun te red  in  
the  ra d io - f re q u e n c y  s iz e  e f f e c t  is  p resen ted  in  an append ix  by 
s o lv in g  the  Boltzmann e q u a t io n  in  c o n ju n c t io n  w i t h  M a x w e l l 's  e q u a t io n s  
o f  e le c t ro d y n a m ic s .  The c a l ip e r s  o b ta in e d  in  th e  e xp e r im e n t a re  
ta b u la te d  a t  the  end o f  the  paper.
I .  INTRODUCTION
In the  l a s t  ten  years o r  so ra p id  p rog ress  has been made in  
d e v e lo p in g  e x p e r im e n ta l  te chn iques  f o r  o b ta in in g  in fo rm a t io n  abo u t 
the  e l e c t r o n ic  s t r u c t u r e  o f  m e ta ls .  The r e s u l t s  o f  the  in v e s t ig a t io n s  
o f  s e v e ra l  m e ta ls  show, a t  le a s t  w i t h in  e x p e r im e n ta l  accu racy ,  t h a t  
th e re  is  a c o n s ta n t  energy s u r fa c e ,  the  Fermi s u r fa c e ,  w h ich  a t  
T = 0°K sepa ra tes  the  occup ied  from the  unoccupied e le c t r o n  s ta te s  
in  k -space . From a l l  o f  the e x p e r im e n ta l  methods t h a t  have been 
t r i e d  fo u r  techn iques  have e vo lve d  w h ich  g iv e  th e  most d i r e c t  i n f o r ­
m a tion  about the  s iz e  and shape o f  the  Fermi s u r fa c e s  o f  m e ta ls .
Of these fo u r  te c h n iq u e s ,  perhaps the most w id e ly  used has been 
th e  de Haas-van A lphen e f f e c t .  In o b s e rv in g  th e  de Haas-van Alphen 
e f f e c t  one measures the  in f lu e n c e  o f  q u a n t iz e d  e l e c t r o n i c  s ta te s  in  
a m agne tic  f i e l d  upon the  v a r io u s  t r a n s p o r t  p r o p e r t ie s  o r  on the  
m agnetic  s u s c e p t i b i l i t y  o f  th e  m e ta ls  as these  s ta te s  pass th ro u g h  
the  Fermi le v e l  w i th  in c re a s in g  m agne tic  f i e l d .  Values o f  the 
e x t re m a l a reas o f  the  v a r io u s  shee ts  o f  the  Fermi s u r fa c e  a re  deduced 
from  the  p e r io d ic  v a r i a t i o n  o f  these p r o p e r t ie s  as th e  m agne tic  f i e l d  
is  in c rea sed . The tech n iq u e  s u f f e r s  from  the  d i f f i c u l t y  o f  t r y i n g  
t o  s e p a ra te  the  many d i f f e r e n t  p e r io d s  t h a t  may be observed in  more 
co m p lic a te d  m e ta ls  and from  the  f a c t  t h a t  o n ly  the  area and n o t  the  
shape o f  a p a r t i c u l a r  s e c t io n  o f  the  Fermi s u r fa c e  can be o b ta in e d .
The s a l i e n t  v i r t u e  o f  the  te c h n iq u e ,  however, is  t h a t  i t  does n o t
r e q u i r e  as long  a mean f r e e  pa th  o f  the  c a r r i e r s  as do the  o th e r  
te ch n iq u e s .
The r a te  o f  change o f  a rea w i th  re s p e c t  t o  ene rgy  e v a lu a te d  a t  
the  Fermi ene rgy  can be o b ta in e d  th ro u g h  c y c lo t r o n  resonance measure­
ments. Once bo th  the  a rea  and i t s  d e r i v a t i v e  w i t h  re s p e c t  t o  energy 
a re  known, in  p r i n c i p l e ,  the  Fermi s u r fa c e  can be c o n s t ru c te d ,  b u t  
in  p r a c t i c e  t h i s  is  a v e r y  d i f f i c u l t  p rocedure  r e q u i r i n g  f i i e  f i t t i n g  
o f  da ta  to  assumed models. The c y c lo t r o n  resonance expe r im e n ts  s u f f e r  
from  the  r a th e r  s t r i n g e n t  c o n d i t io n s  p laced  on the  p re p a ra t io n  o f  
samples and from  th e  f a c t  t h a t  th e  f re q u e n c y  o f  s c a t t e r i n g  o f  the  
c a r r i e r s  must be much le s s  than the  f re q u e n c y  o f  the  r a d ia t i o n  a p p l ie d  
t o  observe  the  resonance.
A much more d i r e c t  method o f  d e te rm in in g  the  s iz e  and shape o f  
the  Fermi s u r fa c e  is  t o  c a l i p e r  i t  ac ross  i t s  e x t re m a l d im ens ions .
There a re  two techn iques  a v a i l a b le  f o r  do ing  t h i s .  The f i r s t  e f f e c t  
to  be in v e s t ig a te d  was the  o s c i l l a t o r y  change in  the  a t te n u a t io n  o f  
u l t ra s o u n d  p ro p a g a t in g  in  a sample s u b je c te d  t o  an in c re a s in g  m agne tic  
f i e l d  a p p l ie d  p e rp e n d ic u la r  t o  th e  d i r e c t i o n  o f  p ro p a g a t io n  o f  the  
sound wave. The o s c i l l a t o r y  b e h a v io r  occu rs  when d ia m e te rs  o f  
e x t re m a l o r b i t s  o f  c a r r i e r s  on the  Fermi s u r fa c e  become equa l t o  
m u l t ip le s  o f  the  w ave leng th  o f  th e  u l t r a s o u n d .  In o rd e r  t o  observe  
t h i s  g eo m e tr ic  resonance the  mean f r e e  pa th  o f  the  c a r r i e r s  must be 
long compared t o  the  a c o u s t ic  w a ve le ng th  and the  g ross  a c o u s t ic  
a t te n u a t io n  must be s m a ll  so t h a t  th e  sm a ll  o s c i l l a t o r y  changes can 
be observed. As in  b o th  th e  de Haas-van Alphen and c y c lo t r o n  resonance 
te ch n iq u e s  the  in fo r m a t io n  t h a t  is  a v a i la b le  from  the  geo m e tr ic
resonance data  depends upon ones a b i l i t y  t o  sepa ra te  many p e r io d ic  
o s c i l l a t i o n s  superimposed upon one a n o th e r .
The rem a in ing  te ch n iq u e  f o r  d e te rm in in g  ex tre m a l d im ensions o f  the  
Fermi s u r fa c e  is  th e  r a d io - f re q u e n c y  s iz e  e f f e c t  (RFSE) f i r s t  re p o r te d  
by Gantmakher* and the  a p p l i c a t i o n  o f  t h i s  tech n iq u e  t o  cadmium is  the  
s u b je c t  o f  the  rem ainder o f  t h i s  paper. E x p e r im e n ta l ly ,  the  RFSE 
c o n s is ts  o f  o b s e rv in g  s i n g u l a r i t i e s  in  th e  s u r fa c e  impedance o f  a t h i n  
s in g le  c r y s t a l l i n e  s la b  p laced  in  a m agne tic  f i e l d  w h ich  is  imposed 
p a r a l l e l  t o  the  faces  o f  the  sample. A t  m agne tic  f i e l d  s t re n g th s  
such th a t  an e x t re m a l c y c lo t r o n  o r b i t  o f  a c a r r i e r  spans the  sample 
th ic k n e s s  a d i s c o n t i n u i t y  in  the  s u r fa c e  impedance o f  th e  sample is  
observed. The m agne tic  f i e l d  s t r e n g th  a t  w h ich  the  d i s c o n t i n u i t y  
occu rs  f o r  a g iven  sample th ic k n e s s  is  d i r e c t l y  p r o p o r t io n a l  t o  an 
e x tre m a l d im ens ion  o f  the  Fermi s u r fa c e .  S ince th e re  i s  o n ly  a s in g le  
d i s c o n t i n u i t y  c o r re s p o n d in g  t o  each e x tre m a l d imension th e  data is  
easy t o  a n a ly z e ;  however, the  te ch n iq u e  is  l im i t e d  to  v e r y  pure m e ta ls  
in  wh ich  the  mean f r e e  p a th  can be made s e v e ra l  t im es th e  th ic k n e s s  
o f  the  samples.
The Fermi s u r fa c e  o f  cadmium has been s tu d ie d  by each o f  the
above mentioned te c h n iq u e s .  S eve ra l de Haas-van Alphen measurements
2
have been pe r fo rm ed , the  most re c e n t  o f  w h ich  were byJS tiass ie  and 
3
Tsui and S ta rk .  C y c lo t ro n  resonance measurements have been perfo rm ed
4 5
by G a lt  et_ a_l. and by Shaw e t  a l .  R a the r incom p le te  c a l ip e r s  o f  the
Fermi s u r fa c e  have been o b ta in e d  from  th e  geom e tr ic  resonance data
6 *7 8o f  Gibbons and F a l ic o v ,  D a n ie l and Mackinnon, and Chang. Only
as a r e s u l t  o f  the  p re s e n t  in v e s t i g a t io n  have e x te n s iv e  c a l ip e r s
a
f o r  f i e l d  r o ta t i o n s  in  the  basa l p lane  become a v a i la b le .
The r e s u l t s  o f  a l l  o f  the  above e x p e r im e n ta l  in v e s t ig a t io n s  have 
e s ta b l is h e d  th a t  th e  Fermi s u r fa c e  o f  cadmium d i f f e r s  from  the f r e e  
e le c t r o n  s u r fa c e  o b ta in e d  from  th e  s in g le  o r th o g o n a l iz e d  p lane  wave 
(OPW) c o n s t r u c t io n  o f  H a r r i s o n ^  in  c e r t a in  im p o r ta n t  a s p e c ts .  The 
e x p e r im e n ta l  d im ensions o f  the  s u r fa c e  a re  c o n s id e ra b ly  s m a l le r  than 
p re d ic te d  by the  s in g le  OPW c o n s t r u c t io n ,  and degenerac ies  a t  c e r t a in  
p o in ts  in  the  B r i l l o u i n  zone a re  removed by th e  e f f e c t s  o f  f i n i t e  
s p i n - o r b i t  c o u p l in g .  A t  t h i s  t im e  th e re  is  no p u b l is h e d  d e t a i le d  
c a l c u la t i o n  o f  the  e l e c t r o n ic  band s t r u c t u r e  f o r  cadmium from w h ich  
th e  Fermi s u r fa c e  can be deduced. There i s ,  however, a d e ta i le d  
c a l c u la t i o n  us ing  th e  p s e u d o p o te n t ia l  method w i t h  s p i n - o r b i t  c o u p l in g  
added in  p rog ress  in  t h i s  la b o r a to r y  wh ich  w i l l  use th e  r e s u l t s  o f  
t h i s  expe r im e n t t o  o b ta in  param eters necessary  f o r  the  c a l c u la t i o n .
In the  s e c t io n s  w h ich  f o l l o w ,  f i r s t  a d is c u s s io n  o f  the  f r e e  
e le c t r o n  Fermi s u r fa c e  f o r  cadmium is  g iv e n  fo l lo w e d  by a gen e ra l 
d is c u s s io n  o f  the  RFSE and the  d e t a i l s  o f  th e  p re s e n t  e x p e r im e n ta l  
te ch n iq u e . The la s t  two s e c t io n s  p re se n t th e  da ta  and i t s  i n t e r ­
p r e t a t i o n .  In Appendix I the phenom eno log ica l th e o ry  o f  Kaner and 
F a l 'k o  f o r  the  l i n e  shape f o r  the  RFSE is  e x p la in e d ,  and Appendix I I  
c o n ta in s  a d e ta i le d  l i s t i n g  o f  the  c a l ip e r s  o b ta in e d  f o r  each 
d i r e c t i o n  in v e s t ig a te d .
I I . THEORY
A. The Fermi S u rface  o f  Cadmium
Cadmium is  a d i v a le n t  m e ta l (a to m ic  number k8)  wh ich  forms a
o
hexagonal c lo s e  packed l a t t i c e  o f  l a t t i c e  param eters a = 2-968 A 
°  11
and c = 5*520 A. The B r i l l o u i n  zone, i t s  d im ens ions , and th e  ra d iu s  
o f  the  f r e e  e le c t r o n  Fermi sphere  (kp) f o r  cadmium a re  shown in  
F ig- 1. E x p e r im e n ta l work on s e v e ra l  p o ly v a le n t  m e ta ls  has shown 
t h a t  in  o rd e r  t o  o b ta in  an e x p e r im e n ta l  p i c t u r e  o f  the  Fermi s u r fa c e  
o f  a m e ta l i t  is  necessary  t o  s t a r t  from  some app rox im a te  t h e o r e t i c a l  
model wh ich  can be s u i t a b l y  m o d i f ie d  t o  agree w i t h  the  e x p e r im e n ta l  
in fo rm a t io n .  For t h i s  reason , the  s in g le  OPW c o n s t r u c t io n  o f  H a rr is o n  
was perfo rm ed and th e  r e s u l t s  a re  shown in  F ig s .  2 and 3 . The f i r s t  
band c o n ta in s  o n ly  two sm a ll pocke ts  o f  ho les ( " c a p s " )  about the  
p o in t  H in  the  B r i l l o u i n  zone. The f i r s t  band has been sepa ra ted  by 
s p i n - o r b i t  s p l i t t i n g  from  the  main re g io n  o f  ho les  e x i s t i n g  in  the  
second band. The second band, u s u a l l y  c a l le d  the  "m o n s te r" ,  c o n s is ts  
o f  a s u r fa c e  wh ich  is  m u l t ip ly - c o n n e c te d  in  the  KH d i r e c t i o n .  The 
t h i r d  band ( e le c t r o n s )  c o n ta in s  one c e n t r a l  pocke t around T  ( " l e n s " ) ,  
and th re e  shee ts  around L genera ted  by two in t e r s e c t in g  d is c s  ( " s t a r s " )  
The l a t t e r  a re  in  f a c t  connected a t  p o in t s  in  th e  AL l i n e  t o  pocke ts  
in  the  f o u r t h  band ( " c ig a r s " )  w h ich  a re  e n t i r e l y  c o n ta in e d  w i t h i n  the  
in t e r s e c t io n  o f  the  two d is c s  w h ich  com prise  th e  s t a r s .  The f r e e  
e le c t r o n  c o n s t r u c t io n  w i th o u t  s p i n - o r b i t  c o u p l in g  p r e d ic t s  t h a t  the
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second band m onster is  connected in  the  d i r e c t i o n  o f  the  MK l i n e
b u t  is  shown p inched  o f  f  i n t h i s  d i r e c t i o n  here because o f  la c k  o f
ev idence  o f  a connected o r b i t  in  the  de Haas-van Alphen and magneto-
12 ITa c o u s t ic  expe r im en ts  by s e v e ra l  w o rk e rs .  3
B. The Rad io -F requency  S ize  E f f e c t
In the  presence o f  an a p p l ie d  m agne tic  f i e l d ,  Ĥ, the  c a r r i e r s  in
a m eta l move in  r e c ip r o c a l  space on the  Fermi s u r fa c e  in  p lanes
p e rp e n d ic u la r  t o  th e  d i r e c t i o n  o f  The p r o je c t io n s  o f  th e  re a l  
space o r b i t s  t h a t  r e s u l t  from t h i s  m o tion  o n to  a p lane  p e rp e n d ic u la r  
to  jH have the  same shape as the  o r b i t s  In  r e c ip r o c a l  space b u t  a re  
ro ta te d  90°  about H. The r e l a t i o n  between a d im ens ion  k in  r e c ip r o c a l  
space and the  c o r re s p o n d in g  d im ens ion  £  in  r e a l  space is  g ive n  as
tik = (e /c )H  X r  ,
where A is  P la n c k 's  c o n s ta n t  d iv id e d  by two p i ,  e is  the  e l e c t r o n ic  
charge and c is  th e  v e l o c i t y  o f  l i g h t .  Thus i f  a r e a l  space d im ension  
o f  an e le c t r o n  o r b i t  is  g iven  a t  a known m agne tic  f i e l d ,  the  c o r re s ­
ponding o r b i t  d im ens ion  in  r e c ip r o c a l  space can be de te rm ined .
I f  a t h in  f l a t  s in g le  c r y s t a l  o f  m e ta l is  p laced  in  a c o i l  (see
F ig . 4 ) c a r r y in g  a r a d io  f re q u e n cy  c u r r e n t  o f  a n g u la r  f re q u e n c y  co,
then th e re  is  induced in  the  m e ta l an a n t is y m m e tr ic  e le c t ro m a g n e t ic  
f i e l d  near the  s u r fa c e s  wh ich  ex tends  i n t o  th e  m e ta l t o  a dep th  6 
( the  s k in  d e p th ) .  I f  th e  f re q u e n c y  co is  h igh  enough t h a t  6 «  d
■A.
( the  sample t h ic k n e s s ) ,  and y e t  low enough t h a t  cd «  Cl = eH/trTc,
kc = ~  Hd = 0 .015194  Hd
H in gauss  




where m is  the e f f e c t i v e  mass o f  the c a r r i e r s  and Q is  the c y c lo t r o n  
f requency  o f  the c a r r i e r s ,  then the  c a r r i e r s  expe r ience  a n e a r ly  
s t a t i c  a n t is y m m e tr ic  e l e c t r i c  f i e l d  near the  s u r fa c e s  o f  the  sample. 
That i s ,  the e le c t ro n s  com ple te  many c y c lo t r o n  o r b i t s  and a re  s c a t te re d  
b e fo re  the  f i e l d  changes a p p re c ia b ly .  A t  m agnetic  f i e l d  s t re n g th s  
such t h a t  c a r r i e r s  on the  Fermi s u r fa c e  hav ing  o r b i t s  w i th  r e c ip r o c a l  
space ex tre m a l d imensions in  the  d i r e c t i o n  o f  n X H, where n is  the* cv r+S rw
u n i t  normal t o  the  sample s u r fa c e s ,  span the  sample th ic k n e s s ,  a
d i s c o n t i n u i t y  in  the  s u r fa c e  impedance o ccu rs .  The d i s c o n t in u i t y
a r is e s  from  the r e l a t i v e l y  la rg e  inc rease  in  the number o f  c a r r i e r s
whose re a l  space o r b i t s  pass th rough  the  s k in  la y e r  on bo th  o f  the
sample fa ce s .  A t lower m agnetic  f i e l d  s t re n g th s ,  the  c a r r i e r s  s t r i k e
the s u r fa c e  and cannot com ple te  an e n t i r e  o r b i t .  The d e t a i l s  o f  t h i s
process a re  g iven  in  Appendix I .
E x p e r im e n ta l ly  th e  m agnetic  f i e l d  s t re n g th  H is  measured a t  the
p o in t  o f  d i s c o n t i n u i t y  in  the su r fa c e  impedance o f  a sample o f  known
th ic k n e s s ,  d, then an e x tre m a l d iam e te r o f  the Fermi s u r fa c e ,  k ,
c
can be c a l ip e re d  us ing  the  r e la t i o n
k = (e / f ic )  Hd = 0.01519*+ Hd , c
O-l
where k is  in  A , H is  in  gauss, and d is  in  m i l l im e t e r s ,  c
I I I .  EXPERIMENT 
A. Sample P re p a ra t io n
The samples used in  t h i s  e xpe r im e n t were c u t  from  a zone- 
r e f in e d  ba r  o f  cadmium o b ta in e d  from Cominco P roduc ts  In c o rp o ra te d  
(quoted p u r i t y :  99*9999$)* A p o r t io n  o f  t h i s  b a r  was e tched  in
30$ fum ing n i t r i c  a c id  and 70$  g l a c i a l  a c e t i c  a c id  f o r  one m inu te  
so t h a t  th e  bounda r ies  between the  c r y s t a l s  c o u ld  be observed . A 
la rg e  c r y s t a l  was then  s e le c te d  and c u t  from  the  b a r  by spa rk  
e ro s io n  u s in g  a tu n g s te n  w i re  as the  c u t t i n g  t o o l .  The r e s u l t i n g  
m o n o c ry s ta l was o r ie n te d  by Laue back r e f l e c t i o n  X - ra y  pho tog raphs 
and a s la b  a p p ro x im a te ly  3 mm t h i c k  was c u t  from  the  c r y s t a l .  Slabs 
c u t  in  t h i s  manner had norm als  t o  t h e i r  s u r fa c e s  n e a r ly  p a r a l l e l  t o  
one o f  the  th re e  p r i n c i p a l  symmetry d i r e c t io n s  { [O O O l],  [ l o lo ] ,  
[ 1120] ) .
Since the  o p p o s i te  fa ce s  o f  the f i n i s h e d  samples needed t o  be 
as p a r a l l e l  as p o s s ib le ,  a te ch n iq u e  was deve loped to  o b ta in  t h i s  
p a r a l l e l i s m  w i th o u t  depending on a l ig n m e n t  by X ra y s .  The spa rk  
c u t t e r  is  equ ipped w i t h  a p la n in g  wheel w h ich  can be used t o  o b ta in  
f l a t  s u r fa c e s .  T h is  p la n in g  wheel was f i r s t  checked f o r  f la t n e s s  in  
a la th e  u s in g  a p r e c is io n  i n d ic a t o r .  I t  was then  mounted on the 
se rvo  arm o f  the  s p a rk  c u t t e r  and no t moved f o r  the  d u r a t io n  o f  th e  
sample p r e p a ra t io n .  The arm on wh ich  the  gon iom ete r was mounted 
in  the  spa rk  c u t t e r  was a ls o  f i x e d  in  p o s i t i o n  w i t h  a mark p laced
on the arm so t h a t  the  gon iom eter c o u ld  be removed and rep la ced  in  
e x a c t ly  the same p o s i t i o n .  An aluminum b lo c k  o f  s l i g h t l y  la rg e r  area 
than the  cadmium s la b  was g lued (u s in g  s i l v e r  p a in t )  t o  the  gon iom eter 
ta b le  t o  be used as a mount f o r  the  f i n a l  p la n in g  o f  th e  sample.
Aluminum was used because i t  is  i t s e l f  r e a d i l y  p laned . The gon iom eter 
was s e t  in  the  (0° , 0° )  p o s i t i o n  wh ich  made the  ta b le  a p p ro x im a te ly  
p a r a l l e l  to  the  p la n in g  whee l,  and the  upper s u r fa c e  o f  the  aluminum 
b lo c k  was p laned f l a t  w h ich  r e s u l te d  in  a m ounting s u r fa c e  p a r a l l e l  
t o  the p la n in g  wheel. The p r e v io u s ly  c u t  s la b  o f  cadmium was g lued
t o  the  s u r fa c e  o f  the  aluminum b lo c k ,  and the  d e s ire d  p r i n c i p a l
a x is  was a l ig n e d  p a r a l l e l  t o  the  known d i r e c t io n  o f  an X - ra y  beam w i th  
as g re a t  an accuracy  as p o s s ib le  (± 1 ° ) .  The gon iom eter was aga in  
mounted in  the spark  c u t t e r  and one s id e  o f  the  cadmium was p laned f l a t .  
F o l lo w in g  t h i s ,  the  specimen was removed from th e  aluminum b lo c k  and 
tu rned  over so th a t  the  f l a t  s u r fa c e s  o f  the  aluminum and the  f l a t  
a l ig n e d  s u r fa c e  o f  the cadmium were p laced  to g e th e r .  Care was taken  
when g lu in g  the  cadmium back to  the  aluminum t o  in s u re  t h a t  no s i l v e r  
p a in t  ran between the two f l a t  s u r fa c e s  caus ing  a m is a l ig n m e n t.  The 
gon iom eter was then re tu rn e d  to  the (0° , 0° )  p o s i t i o n  and the  specimen 
was p laned t o  the  d e s ire d  th ic k n e s s .
Samples o b ta ined  w i t h  the above procedure  were t y p i c a l l y  20mm by 
30mm by 0.5mm. These s la b s  were then d ipped in  a s o lu t i o n  o f  75$ 
fuming n i t r i c  a c id  and 25$ w a te r a t  0°C. Th is  e tc h  removes the  t h in  
la y e r  o f  spa rk  damage on the  s u r fa c e ,  b u t  because o f  the  la rg e  su r fa c e
to  volume r a t i o  o f  these  s labs  i t  was necessary t o  e tc h  o n ly  f o r  s h o r t
p e r io d s  s in c e  the  a c id  around the  sample q u i c k ly  came t o  a b o i l .
The p o l is h in g  t im e was u s u a l l y  about one second and then the  s la b  was 
q u i c k l y  d ipped in  wa ter* The s u r fa c e s  ob ta in e d  in  t h i s  manner were 
sh in e y ,  bu t no t m i r r o r - l i k e .
Samples o f  5*™ by 5rom were then c u t  by spa rk  e ro s io n  from  the 
c e n t r a l  p o r t io n  o f  the  s la b .  The edges o f  the  la rg e  s la b  were d isca rded  
because o f  p o s s ib le  round ing  o f  the  co rn e rs  d u r in g  the  p o l is h in g  
procedure . The o r ie n t a t i o n  o f  these  f in i s h e d  samples were aga in  
checked and the  normals t o  the  faces were always found t o  be w i t h in  
1°  o f  a rc  o f  the  d e s ire d  c r y s t a l l o g r a p h ic  a x is .
Since one o f  the  two e x p e r im e n ta l param eters is  the  th ic k n e s s  o f  
the  sample, i t  must be de te rm ined  as a c c u r a te ly  as p o s s ib le .  The most 
s a t i s f a c t o r y  p rocedure  f o r  t h i s  measurement was found to  be measure­
ment o f  the la r g e r  d imensions o f  the  sample w i th  a t r a v e l i n g  m icroscope 
so t h a t  the s u r fa c e  area o f  the  p a r a l l e l  faces  co u ld  be computed, then 
we igh the  sample t o  de te rm ine  i t s  mass. From the  known d e n s i t y  o f  
cadmium the th ic k n e s s ,  d, c o u ld  be dete rm ined  us in g  the r e la t i o n
^ _  (mass)
(dens i t y )  (area)
Th is  g ives the  average th ic k n e s s  v e ry  a c c u ra te ly  a t  .room tem p era tu re ,  
bu t the th ic k n e s s  a t  1°K must be known s in c e  a l l  o f  the  m agnetic  
f i e l d  measurements were perfo rm ed a t  th a t  tem p e ra tu re .  The the rm a l 
expansion  data  o f  Gruneisen and G o e n s ^  g ives  the  f o l lo w in g  
d im ens iona l change in  cadmium from  1°  t o  293°K:
|| [0001] 1.38# ,
± [ 0001] o.hoi ,
and these c o r re c t io n s  were a p p l ie d  t o  de te rm ine  d f o r  the  c a lc u la t i o n s .
The r e s i s t i v i t y  r a t i o  was measured on a la rg e r  sample and was 
found to  be Pgoo°K^P4 2°K = The a m p li tu d e  o f  the  s iz e  e f f e c t
peaks became about 20 t im es as in te n s e  by re d u c in g  the  tem pera tu re  from
4 .2 ° K  to  2°K a t  which p o in t  no f u r t h e r  in c rea se  in  a m p li tu d e  was observed.
B. E xpe rim en ta l Apparatus
The sample was p laced  on a t h i n  p iece  o f  mica w h ich  supported  
th e  sample d u r in g  the  experim ent and a f l a t  c o i l  o f  No. 45 copper w i re  
was wound around both  the  sample and the mica s u p p o r t .  Care was e x e r ­
c is e d  to  have the  sample occupy as much o f  the  c ross  s e c t io n a l  area
o f  the  c o i l  as p o s s ib le .  Th is  c o i l  forms p a r t  o f  the  resonant c i r c u i t
17o f  a m a rg in a l o s c i l l a t o r  o p e ra t in g  from  6 MHz to  8 MHz. Th is  range 
o f  f re q u e n c ie s  was s e le c te d  because i t  s a t i s f i e d  the c o n d i t io n s  f o r  the 
RFSE, 6 «  d and oj «  £1. The c o i l  and sample were immersed in  l i q u i d
He in s id e  a c o n v e n t io n a l  double dewar system, (see F ig .  5)> and the
tem pera tu re  was reduced t o  1.2°K by pumping.
The m agnetic  f i e l d  was s u p p l ie d  by a sm a ll  i r o n  co re  magnet which 
c o u ld  be ro ta te d  in  the  h o r iz o n ta l  p lane  o f  the  sample. The ang le  
the  m agnetic  f i e l d  formed w i th  one o f  the  c r y s ta l lo g r a p h ic  axes o f  
th e  sample co u ld  be s e t  w i t h in  ±  0 . 1°  and cou ld  be de te rm ined  to  
w i t h in  O.50 from  the symmetry o f  the  da ta .  D uring  a run the  a ng le  
o f  the  magnet was ro ta te d  30°  on e i t h e r  s id e  o f  the  a x is  o f  the  r f  
c o i l ,  thus i t  was necessary to  remove the  sample and rew ind the  c o i l  
t o  cover the  f u l l  90°  between axes f o r  two o f  the sample o r ie n ta t i o n s .
A t r a n s is t o r i z e d  power s u p p ly  was c o n s t ru c te d  f o r  th e  magnet wh ich
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had the  c a p a b i l i t y  o f  sweeping the  magnet c u r r e n t  th ro ugh  z e ro  and 
a p p ly in g  a s m a l l  c u r r e n t  in  the  re v e rs e  d i r e c t i o n  so t h a t  the  re s id u a l  
f i e l d  o f  a p p ro x im a te ly  30 gauss c o u ld  be cance led  t o  o b ta in  low f i e l d s .
A H a l l  p robe , w h ich  was c a l i b r a t e d  in  p la c e  w i t h  an NMR gaussmeter, 
was used t o  measure the  m agne tic  f i e l d .  The H a l l  v o l ta g e  was measured 
w i th  a Leeds and N o rth ru p  K-2 p o te n t io m e te r ,  and the  H a l l  probe c o n t r o l  
c u r r e n t  was s u p p l ie d  by a H ew le tt  Packard c u r r e n t  re g u la te d  su p p ly .  
D u ring  a sweep o f  the  m agne tic  f i e l d  markers were p laced  on the 
re c o rd in g  to  c a l i b r a t e  each t ra c e .
A p a i r  o f  m o d u la t io n  c o i l s  was wound on p l a s t i c  form s and mounted 
on the  i r o n  p o le  p ieces  o f  the  magnet t o  p ro v id e  an ac a m p li tu d e  
m o d u la t io n  o f  th e  a p p l ie d  m agne tic  f i e l d .  A f re q u e n c y  o f  40 Hz was 
s e le c te d  f o r  th e  a m p l i tu d e  m o d u la t io n  s in c e  a t  t h i s  f re q u e n c y  
the s k in  dep th  in  cadmium is  la rg e  enough t o  a l lo w  p e n e t r a t io n  o f  
the  m o d u la t io n  i n t o  the  e n t i r e  sample.
The g r id  le a k  d e te c to r  b u i l t  i n t o  th e  second s tage  o f  the
m a rg in a l o s c i l l a t o r  is  s e n s i t i v e  t o  any change in  r f  power a b s o rp t io n ,
and thus  to  the  r e a l  p a r t  o f  the  s u r fa c e  impedance o f  the  sample in
the  ta n k  c o i l .  An in c re a s e  in  the  sample impedance leads t o  a
p o s i t i v e  v o l ta g e  a t  the  o u tp u t  o f  the  d e te c to r  w h i le  a decrease
produces a n e g a t iv e  o u tp u t .  Thus, the  o u tp u t  o f  the  d e te c to r  o f
the  o s c i l l a t o r  was a 40 Hz s in e  wave whose a m p l i tu d e  was p r o p o r t io n a l
to  dR/dH, where R is  th e  r e a l  p a r t  o f  the s u r fa c e  impedance. The
o u tp u t  o f  the  o s c i l l a t o r  was a m p l i f i e d  by a tuned a m p l i f i e r  (see F ig .  5)
and then  f e d  i n t o  a phase s e n s i t i v e  d e te c to r .  The dc o u tp u t  o f  the
phase d e te c to r  was a p p l ie d  to  the  Y a x is  o f  an XY re c o rd e r  whose X a x is
was swept p r o p o r t io n a l  t o  the  a p p l ie d  m agne tic  f i e l d .  The r e s u l t i n g  
p l o t  was dR/dH vs H.
IV. EXPERIMENTAL RESULTS
A. Data
The data f o r  jn \\ [0001] were reco rded  by r o t a t i n g  the  magnet 
in  one degree s te p s  ove r a 4 0 °  range w h ich  covered bo th  axes C1010] 
and [1 1 2 0 ] .  In F ig .  6 some r e p r e s e n ta t iv e  re c o rd e r  t ra c e s  a re  shown. 
F igu re  (6e) shows th e  r a p id l y  chang ing  s u r fa c e  impedance a t  low 
m agne tic  f i e l d  s t r e n g th s .  T h is  ra p id  change obscures the  much s m a l le r  
s iz e  e f f e c t  peaks in  t h i s  re g io n .  F ig u re  (6a) shows a s iz e  e f f e c t  
peak superimposed on the  la rg e  s lo pe  a t  low  f i e l d s .  F igu res  (6b) 
and (6c ) show the  p r im a ry  and secondary " l e n s "  peaks, r e s p e c t i v e ly .
The secondary  peak a r is e s  a t  m agne tic  f i e l d s  such t h a t  t w o . o r b i t  
d iam e te rs  span the  sample th ic k n e s s .  The secondary peak here  is  
about 200 t im es weaker than the  p r im a ry  peak and i s  a ls o  in v e r te d .
W ith th e  m agnetic  f i e l d  in  the  basa l p la n e  the " l e n s "  o r b i t s  a re  
e l i p t i c a l  and i n t e r s e c t  a t  p o in t s  o f  maximum c u r v a tu re  (see F ig .  4 ) ,  
thus th e  low i n t e n s i t y  o f  the  secondary peak is  expec ted  from  t h i s  
c o n s id e r a t io n .  F ig u re  (6d) is  a re c o rd e r  t ra c e  in  the  medium f i e l d  
range where most o f  the  peaks o c c u r .
F ig u re  7 shows a re co rd e r  t ra c e  f o r  £  || t 1010]. The m agne tic  
f i e l d  is  ro ta te d  from  [0001] t o  [1120] in  1° and 2 °  s te p s .  There 
a re  g e n e r a l l y  few er s iz e  e f f e c t  peaks observed f o r  t h i s  o r i e n t a t i o n  
than f o r  the  o th e r  two. The doub le  f i e l d  " l e n s "  peak is  shown 
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The " l e n s "  peaks were observed t o  as h ig h  as f o u r t h  o rd e r .  T h e ir  
p o l a r i t y  seemed t o  i n v e r t  f o r  each su cc e s s iv e  occurence a l th o u g h  the  
l i n e  shape gets  more complex and s m a l le r  in  a m p l i tu d e  f o r  the  h ig h e r  
harmonics and t h e i r  p o l a r i t y  is  no t e a s i l y  de te rm ined .
A t y p i c a l  re c o rd e r  t ra c e  o b ta in e d  f o r  jn || [ 1120] is  shown in  
F ig .  8 . A la rg e  number o f  peaks o c c u r re d  w i t h  c o n s id e ra b le  a m p li tu d e  
in  t h i s  o r i e n t a t i o n .  The p r im a ry  and secondary  " l e n s "  peaks a re  
shown a lo n g  w i th  s e v e ra l  o th e r  peaks. The " l e n s "  peak was aga in  
observed t o  as h igh  as f o u r t h  o rd e r .  No peak o th e r  than  the  " l e n s "  
was seen t o  e x h i b i t  the  m u l t i p l e  f i e l d  b e h a v io r .
B. D e te rm in a t io n  o f  the  C r i t i c a l  
M agne tic  F ie ld s  and the  C a l ip e rs
There a re  s e v e ra l  l i n e  shapes e v id e n t  in  F ig s .  6 , 7, and 8 ,
most o f  w h ich  are  c o n s id e ra b ly  more complex than those  p re d ic te d
in  Appendix I .  I t  i s  not a lways e v id e n t  w h ich  o f  the  s e v e ra l  p o in ts ^
in  the  l i n e s  t o  choose as the  c r i t i c a l  m agne tic  f i e l d .  Fukumoto 
14and S trandbe rg  de te rm ined  th e  s h i f t  in  m agne tic  f i e l d  o f  v a r io u s  
p o in ts  in  th e  l i n e  ve rsus  co, the  a p p l ie d  f re q u e n c y .  They found 
t h a t  the  low es t f i e l d  extremum in  the  c u rve  dR/dH vs H had a s m a l le r  
co dependence than any o f  the  o th e r  p o in t s  in  the  l i n e  and thus 
concluded t h a t  t h i s  was the  p o in t  t o  choose as the  c r i t i c a l  m agne tic  
f i e l d .  The a u th o r  came to  the  same c o n c lu s io n  by n o t in g  the  change
in  l i n e  shapes due t o  chang ing  the  o r i e n t a t i o n  o f  the  c o i l  r e l a t i v e
to  the sample axes and to  the  m agne tic  f i e l d .  The low f i e l d  extremum
had the  o n ly  va lue  o f  m agne tic  f i e l d  t h a t  co rresponded t o  an extremum


















The c r i t i c a l  m agne tic  f i e l d s  were then c o n v e r te d  i n t o  c a l i p e r s  by 
us ing  the  fo rm u la s  in  Append ix  11• The n u m e r ic a l c a l i p e r  v a lu e s  are  
ta b u la te d  th e re  f o r  re fe re n c e ,  The e x p e r im e n ta l  c a l i p e r  v a lues  a re  
p l o t t e d  vs the  d i r e c t i o n  o f  the  a p p l ie d  m agne tic  f i e l d  in  F ig s .  9 ,  10, 
11, 12, 13, 14, and 15* The da ta  have been grouped i n t o  s e r ie s  by 
in s p e c t io n  o f  the  re c o rd e r  t r a c e s .  Most o f  th e  in d iv i d u a l  s e r ie s  have 
been la b e le d  w i t h  a Roman l e t t e r  f o r  re fe re n c e .
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V. DATA ANALYSIS AND CALIPER ASSIGNMENT
In o rd e r  to  c l a r i f y  the  d is c u s s io n  be low , two d e f i n i t i o n s  w i l l
be s ta te d  he re . An "e x t re m a l o r b i t "  i s  d e f in e d  as an o r b i t  on the
Fermi s u r fa c e  in  k -space  the  le n g th  o f  whose p r o je c t i o n  on a p lane- 
p e rp e n d ic u la r  t o jn  is  an extremum w i t h  re s p e c t  to  ( th e  component 
k in  the d i r e c t i o n  o f  H). An "e x t re m a l c a l i p e r "  is  d e f in e d  as a
i-w rv  1
v e c to r  q u a n t i t y  in  k -space  w h ich  is  in  the  d i r e c t i o n  o f  ±  jn X JH 
and has a m agnitude e q u a l t o  th e  le n g th  o f  the  l i n e  segment formed 
by p r o je c t i n g  an e x t re m a l o r b i t  ( in  k-space) o n to  a p la n e  p e rp e n d ic u la r  
t o  Thus an e x t re m a l c a l i p e r  has a f i x e d  m agnitude and d i r e c t i o n ,  
b u t  is  f r e e  t o  be t r a n s la t e d  in  k -space .
The r a d io - f r e q u e n c y  s iz e  e f f e c t  o b ta in s  "e x t re m a l c a l i p e r s "  on 
the  Fermi s u r fa c e .  S im p ly  the  term  " c a l i p e r "  w i l l  be used h e r e a f t e r .
The in d iv i d u a l  shee ts  o f  the  Fermi s u r fa c e  and th e  assignment 
o f  the  c a l i p e r s  t o  them are  d iscussed  in  t u r n  below. T h is  c h a p te r
is  ended w i t h  a d is c u s s io n  o f  th e  unass igned da ta .
A. T h i rd  Band E le c t ro n  "Len s"
There was no d i f f i c u l t y  in  a s s ig n in g  p a r t i c u l a r  c a l ip e r s  t o  
the  t h i r d  band e le c t r o n  s u r fa c e  c a l le d  th e  " le n s " .  The " le n s "  
produced the  most in te n s e  l i n e  observed f o r  each o r i e n t a t i o n .  W ith  
jn !| [OOOl] th e  " l e n s "  was seen t o  have a c i r c u l a r  c ro s s  s e c t io n  in
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the IMK p lane  w i th  d iam e te r  k = I . 50O A wh ich  is  p lo t t e d  inv
F ig . 9* The " le n s "  c a l ip e r s  o b ta ined  from  the  j i  H [1010 ] data l i e  
in  the  D\HK p lane  and a re  g ive n  in  F ig .  10, w h i le  the  c a l ip e r s  
o b ta ined  from  the  jn || C1120] data  l i e  in  the  D\LM p lane  and are  
p lo t t e d  in  F ig .  11. The a rc s  in  F igs . 10 and 11 o u t l i n e  the s in g le  
0PW c ross  s e c t io n s  o f  the " l e n s " .  The data  a re  seen t o  agree q u i t e  
w e l l  w i t h  the s in g le  0PW p r e d ic t io n s  excep t near the  edge o f  the  
" le n s "  where c o n s id e ra b le  round ing  o ccu rs .  A summary o f  some o f  
the most re c e n t  " l e n s "  c a l ip e r s  is  g iven  in  Tab le  I .  The d iam e te rs  
re p o r te d  in  t h i s  in v e s t ig a t io n  a re  in  reasonab le  agreement w i th  the 
a v a i la b le  u l t r a s o n ic  da ta . The " le n s " ,  however, is  found to  be
q u i te  smooth w i th  no bump a t  the  c e n te r  as re p o r te d  by Gibbons and
6 8 
F a l ic o v ,  and no d ip  as observed by Chang.
The c ross  s e c t io n a l  a reas o f  the  " le n s "  co u ld  be computed from
the fo rm u la  f o r  the  area o f  an e l  ip se ,  S = n k jk g /4  , where k j
and k^  a re  the m a jo r and m inor axes o f  the  e l  ip se .  From the da ta
ob ta in e d  w i th  n || [ 000 l ]  the  c i r c u l a r  c ross  s e c t io n  in  the  INK
°_1
p lane  has an area o f  1.911 A , and from  the  m ajor d iam e te rs  o b ta ined
w i th  jn || [ lO lO ]  and j i  || [ 1120] the area is  1.861 A b o th  o f  wh ich
°-2compare reasonab ly  w e l l  w i t h  the va lu e  o f  I .874  A o b ta in e d  by 
2
G rass ie . The area o f  the  e l i p t i c a l  c ross  s e c t io n  in  the  IAHK 
p lane can be o b ta in e d  w i th  j i  || [ l 0 1 0 ] ,  and the  TALM c ross  s e c t io n
i  0 _  1 9
The p r e v io u s ly  p u b l is h e d  va lu e  o f  k = I .5825  A is  in  e r r o r
due t o  in c o r r e c t  s e le c t io n  o f  the  c r i t i c a l  m agnetic  f i e l d .  Sub­
sequent i n v e s t ig a t io n  by th e  a u th o r  and Fukumoto and S trandbe rg  ^  
in d ic a te d  the c o r r e c t  p o in t  t o  choose.
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TABLE I .  Comparison o f  c a l i p e r  v a lu e s  f o r  
" le n s "  o b ta ined  by d i f f e r e n t  sou rces .
Source
II : [ 1120] [ 1010] [ 0001]
H II : [ 0001] t 1010] [ 0001] [ 1120] [ 1010] [ 1120]
Deaton*3 0 .550 1.556 O.55O
D an ie l and 
Macki nnonc 1.458 0 .54 1.428 0 ,498
Gi bbons .and 
Fa 1 i cov I . 56O 0.550 0.540
Chang6 1.510 0 .542 1.516 0.540
Present 
In v e s t i  g a t io n 1.563 0.559 1. 5 l 6 f O.553 1.560  1.560
Free E le c t ro n  
Values I .658 0 .540 1.658 0 .540 1.658  1.658
aU l t r a s o n ic  a t te n u a t io n  o b ta in s  the same c a l ip e r s  as the  RFSE w ith jg^ , 
the  d i r e c t i o n  o f  sound p ro p a g a t io n ,  in  the  same d i r e c t io n  as £ .
^See Ref. 15*
°See Ref. 7*
d rSee Ref. 6.
e See Ref. 8.
^The l i n e  shape became ra th e r  complex as JH neared [0 0 0 1 ] ,  thus  t h i s  
r e s u l t  is  s u b je c t  t o  a la rg e r  e r r o r  tha n ^ th e  o th e r  va lues  in  
t h i s  row. The same d iam e te r is  c a l ip e re d  w i t h  n || [0 0 0 1] and 
JH || [ 1010] and is  cons ide red  more a c c u ra te .  ~
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can be computed us in g  the jn || [1120 ] da ta . The r e s u l t s  a re  O.658  A ^
o_o
and 0 .686 A , r e s p e c t iv e ly ,  w h ich  are in  f a i r  agreement w i th  G ra s s ie 's  
r e s u l t  o f  0 .608 A ^
B. The Second Band Hole S urface
The second band ho le  s u r fa c e  ( "m o n s te r " )  c o n s is ts  o f  two t r i f o l i a t e  
su r fa ce s  pe r B r i l l o u i n  zone w h ich  a re  connected in  the  [OOOl] d i r e c t io n  
and wh ich  a re  m i r r o r  r e f l e c t i o n s  o f  each o th e r  in  the P\HK and IALM 
p lanes (see F igs . 1 and 3 )*  The c a l ip e r s  o b ta in e d  w i t h  jn p a r a l l e l  t o  
one o f  the  th re e  p r i n c i p a l  d i r e c t io n s  ( [0 0 0 l3 ,  [ lO lO ] ,  o r  [1 1 2 0 ])  on 
these two su r faces  a re  degenera te , and a l l  the  c a l ip e r s  f o r  a g ive n  
magnetic  f i e l d  d i r e c t io n  a re  o b ta in e d  by c o n s id e r in g  o n ly  one o f  the  
t r i f o l i a t e  su rfaces  (see F igs . 16, 17, and 18). in  F ig .  16 the la rg e  
s o l id  l i n e  c lo v e r le a f  rep resen ts  the  IMK c ro ss  s e c t io n  ( " w a is t " )  o f  the 
"m o n s te r" .  The shaded p o r t io n  rep resen ts  the  AHL c ross  s e c t io n  ( "n e c k " ) ,  
and the  dashed l in e s  in d ic a te  th e  e x t r e m i t ie s  o f  the  c ro ss  s e c t io n s  
in te rm e d ia te  to  the  IMK and AHL p lanes .
Because i t  has no in v e rs io n  symmetry across  the (1120) p lane 
the  "m o n s te r"  has no c e n t r a l  c a l ip e r s  f o r  £  || [0001] o r  n̂ || [ lO lO ] ,  
i . e . ,  i t  has no s e r ie s  o f  c a l ip e r s  th a t  have a common f i x e d  p o in t  on 
a symmetry p o in t  o r  l i n e  in  the  B r i l l o u i n  zone. Thus w h i le  the 
d i r e c t io n  o f  a c a l ip e r  is  known to  be t h a t  o f  £  X JH, th e re  is  no 
known p o in t ,  l i n e ,  o r  p lane  on wh ich to  f i x  the  p o s i t i o n  o f  the  c a l i p e r .  
Th is  g r e a t l y  com p lica tes  the d e te rm in a t io n  o f  the Fermi su r fa c e  from  
the  e x tre m a l c a l ip e r  da ta . F igu re  16 was determ ined by a method o f  













A s u r fa c e  is  f i r s t  drawn s im i l a r  t o  the  s in g le  OPW Fermi s u r fa c e .  
The e x tre m a l d im ens ions o f  t h i s  s u r fa c e  a re  measured f o r  v a r io u s  
d i r e c t io n s  and compared w i t h  th e  e x p e r im e n ta l  da ta .  The f i g u r e  is  
then  m o d i f ie d  in  an a t te m p t  t o  o b ta in  a c lo s e r  f i t  t o  th e  da ta  and 
i t s  e x t re m a l d im ens ions a re  a g a in  measured. T h is  p rocess  is  c o n t in u e d  
u n t i l  a s u r fa c e  is  o b ta in e d  t h a t  y i e l d  the  e x p e r im e n ta l  c a l i p e r s .
T h is  process is  more a c c u ra te  when s e v e ra l  c a l ip e r s  have o v e r la p p in g  
ranges on the  Fermi s u r fa c e ,  i . e . ,  when two o r  more d i f f e r e n t  c a l i p e r s  
have one common end p o in t .
The c ro ss  s e c t io n a l  a reas  o f  th e  "m o n s te r"  in  th e  AHL and IMK
•3 o_o
p lanes  a re  known from de Haas-van A lphen d a ta J t o  be 0 ,060  A and
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0 .579  A , r e s p e c t iv e ly .  T h is  g r e a t l y  f a c i l i t a t e d  th e  a n a ly s is  because 
the  c ro s s  s e c t io n a l  area o f  the  "m onste r neck" in  th e  AHL p lane  
combined w i th  th e  c a l ip e r s  o b ta in e d  in  the  two d i r e c t io n s  C1010} 
and [1120 ] on th e  "n e c k " ,  and the  f a c t  t h a t  the  "n e c k "  must c o n ta in  
the  f i r s t  zone "c a p "  de te rm ined  the  shape o f  the  "n e c k "  in  t h i s  p lane  
r a th e r  a c c u r a te ly .
Open o r b i t s  e x i s t i n g  on th e  second band h o le  s u r fa c e  w i t h  £  in  
th e  (0001) p la n e  have t h e i r  e x t r e m i t i e s  p e rp e n d ic u la r  t o  [OOOl] in  
the  AHL and IMK p la n e s .  Thus open o r b i t s  genera ted  on t h i s  s u r fa c e  
w i l l  c a l i p e r  the  d i f f e r e n c e  in  e x te n t  o f  th e  s u r fa c e  in  these  two 
p la n e s .  These o r b i t s  have a near s in e s o id  shape s im i l a r  to  the  
o u t l i n e  o f  the  second band s u r fa c e  shown in  F ig .  17.
The p r o je c t i o n  o f  the  "m o n s te r"  in  the  p lane  de te rm ined  by 
two a d ja c e n t  HK l in e s  is  shown in  F ig .  17 a long  w i t h  the  c ro ss  s e c t io n  
o f  th e  "c a p "  in  t h a t  p lane  wh ich  is  enc losed  by the  "m o n s te r " .
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C a l ip e rs  ly in g  in  t h i s  p la n e  are  o b ta in e d  w i th  || [ 1010]. As 
p r e v io u s ly  m entioned , the  c a l i p e r s  f o r  the "m o n s te r"  in  t h i s  p lane  
a re  n o n - c e n t r a l ,  thus  the  method o f  s e l f  c o n s is te n t  c a l i p e r  a s s ig n ­
ments must be employed.
The c a l ip e r s  o b ta in e d  w i t h  £  || [1120 ] f o r  the  "m o n s te r "  and th e  
"c a p "  a re  c e n t r a l  in  the sense t h a t  th e re  e x i s t s  a symmetry l i n e  in  
the  B r i l l o u i n  zone th rough  wh ich  a l l  o f  the  c a l i p e r s  in  a g jven  s e r ie s  
have t h e i r  m id p o in ts .  These l in e s  a re  e i t h e r  th e  I k  o r  th e  AH l i n e s  
( these  l in e s  a re  normal t o  th e  page in  F ig .  1 8 ) .  S ince these  c a l i p e r s  
are  n o t  f i x e d  t o  a s in g le  p o in t  on these  l in e s  the  c a l ip e r s  o b ta in e d  
do n o t  a l l  l i e  in  the  same p lane . F ig u re  18 was o b ta in e d  by p l o t t i n g  
in  p o la r  form the  h a l f  c a l i p e r s  p e rp e n d ic u la r  t o  the AH o r  the  IX 
l i n e s .  The f i g u r e  t h a t  r e s u l t s  is  a shadowgram, o r  p r o je c t i o n  o f  
the  e x t re m a l s iz e ,  o f  the  second band ho le  s u r fa c e  on a p la n e  p e r ­
p e n d ic u la r  to  th e  IX and AH l i n e s .
C a l ip e r  s e r ie s  la b e le d  A, B, C, D, E, M, P, Q, T, W j, X, and Y 
were ass igned  t o  d e f i n i t e  o r b i t s  on th e  "m o n s te r"  s u r fa c e .  Repre­
s e n ta t iv e  c a l ip e r s  o f  each o f  these excep t X a re  shown by l in e s  
la b e le d  w i t h  s m a ll  l e t t e r s  in  F igs .  16 , 17, and 18. The ang les  t o  
wh ich  these  r e p r e s e n ta t iv e  c a l ip e r s  co rrespond  a re  shown by the 
arrows in  F igs . 12, 13, 14, and 15. S e r ies  A and B were ass igned  
as minimum and maximum open o r b i t s  around the  arms o f  the  "m o n s te r " .  
W ith  n || [OOOI] th e re  e x i s t  two d i s t i n c t  D o r b i t s  f o r  H w i t h i n  7 °r*w/ '• ^  1
o f  [ lO lO ]  wh ich have the  same c a l i p e r  va lu e s .  T h is  i n t e r p r e t a t i o n  
is  supp o rted  by a more in te n s e  D l i n e  in  t h i s  range.
A f t e r  c o n s t r u c t in g  the  c ro s s  s e c t io n s  o f  the  second zone from 
c a l ip e r s  ob ta ined  by s e r ie s  A, B, C, and D to g e th e r  w i t h  the known 
cross  s e c t io n a l  a reas o f  the IfoK and AHL cross  s e c t io n s ,  i t  was 
found t h a t  s e r ie s  E corresponds to  bo th  the  expected ang u la r  dependence 
and s iz e  o f  the type  c a l ip e r  in d ic a te d  by e e 1 in  F ig .  16. For f i e l d  
d i r e c t io n s  a p p ro x im a te ly  ±  10°  from the  basa l p lane , c losed  o r b i t s  
l y in g  in  the  concave p o r t io n  o f  the second zone ( " v a l l e y " )  can e x i s t .  
These o r b i t s  have a maximum e x te n t  o n ly  by v i r t u e  o f  the f a c t  th a t  
they  in c re a se  in -s - ize  to  a p o in t  where th e y  s p i l l  o u t  o f  t h i s  concave 
p o r t io n  o f  the s u r fa c e .  Th is  o r b i t  was a ls o  observed f o r  £  || [1120] 
w i th  £  w i t h i n  10° o f  [1010] ( s e r ie s  X ). In  t h is  case the  " v a l l e y "  
was c a l ip e re d  in  d i r e c t io n s  w h ich  were n e a r ly  p a r a l l e l  t o  [ 0001] 
w i t h  one end o f  the  c a l i p e r  b e in g  f i x e d  a t  the  r im  o f  the " v a l l e y "  
near the  AHL p lane .
in s p e c t io n  o f  the  s e r ie s  P and Q in  F ig .  13 lead n a t u r a l l y  to  
the  assignment o f  P t o  the " w a is t "  o r b i t  and Q, t o  the  extended w a is t  
o r b i t  (see F ig . 17) .  Assignment o f  s e r ie s  M to  the  "n e c k "  o r b i t  
then fo l lo w e d .  S im i l a r l y ,  ass ignm ent o f  and Y in  F ig . 15 t o  the  
" w a is t "  o r b i t  and the  extended " w a is t "  o r b i t  f o r  jn [ 1120] was 
immediate (see F ig .  18). S e r ie s  T (F ig .  14) was e a s i l y  seen t o  be 
due to  th e  m in im a l "n e c k "  c a l i p e r  (see F ig .  18).
The s o l i d  cu rves  in  F igs . 17 and 18 have been determ ined by 
a t  le a s t  one s e r ie s  o f  c a l i p e r s .  The t i p s  on the  "m onster arms" 
were de term ined from  F ig . 16 and the dashed l in e s  re p re s e n t  
in te r p o la te d  p o in ts .
The c a l ip e r s  in  th e  re g io n  o f  o v e r la p  in  F ig s .  16 , 17 , and 18 
were found to  agree w i t h in  e x p e r im e n ta l  accu racy .
C. The Fi r s t  Band Hole S u rface
The f i r s t  band ho le  s u r fa c e ,  " c a p " ,  c o n s is ts  o f  two s e c t io n s
per B r i l l o u i n  zone c e n te red  a t  the  p o in t  H w h ich  have th re e  f o l d  
symmetry about [00013• Th is  s u r fa c e  has the  same symmetry p r o p e r t ie s  
as the  second band h o le  s u r fa c e  d iscussed  p r e v io u s ly ;  th u s ,  a l l  
the  c a l ip e r s  f o r  t h i s  s u r fa c e  can be o b ta in e d  by c o n s id e r in g  o n ly  one 
o f  the  two s e c t io n s .
In  F ig .  19 th e  AHL c ross  s e c t io n  o f  the  "c a p "  is  shown as the  
s o l i d  f i g u r e  w i t h i n  the  second band "n e c k "  (dashed f i g u r e ) .  The 
rAHK c ross  s e c t io n ,  th e  ( 1010) p la n e , is  shown w i t h i n  the  second band 
c ross  s e c t io n  in  F ig .  17* The same remarks s ta te d  above f o r  c a l i p e r s
o b ta in e d  w i th  n I t l l 20 ] on th e  second band ho le  s u r fa c e  a re  a ls o/■w » 1
v a l i d  f o r  the  f i r s t  zone h o le  s u r fa c e .  Thus the  e x t re m a l c a l ip e r s  
o b ta in e d  f o r  the  "c a p "  w i th  £  || [ 1120] do n o t  a l l  l i e  in  a p la n e , 
and th e  o u t l i n e  in  F ig .  18 is  n o t  a t r u e  c ro ss  s e c t io n  o f  th e  " c a p " ,  
b u t  a shadowgram.
The c a l i p e r  s e r ie s  la b e le d  F, L, and S have been ass igned  t o  th e  
f i r s t  band ho le  s u r fa c e .  The re p r e s e n ta t iv e  c a l i p e r s  shown in  F ig s .  
17, 18, and 19 a re  f o r  the  a ng les  in d ic a te d  by the  arrows in  F igs .
9, 12, and 14. The ass ignm ents  o f  L and S to  th e  " c a p "  a re  q u i t e  
n a tu r a l  c o n s id e r in g  th e  ass ignm ent o f  M and T t o  th e  "n e c k "  o f  th e  
second band (see F ig s .  12, 14, 17* and 18). The ass ignm ent o f  F 






wi th  JH H [ 1010] f o r  .n || [0001] and wi th  j i  || [OOOl] f o r  jn |( [ 1010].
The AHL c ro s s  s e c t io n  shown in  F ig .  19 and th e  TAHK c ro s s  s e c t io n ,
F ig .  17, were o b ta in e d  u s in g  the p r e v io u s ly  d e sc r ib e d  s e l f  c o n s is te n t
. o_p
method w i t h  the  known areas o f  O.O63  A f o r  th e  AHL c ro s s  s e c t io n  
o_2
and 0 .105  A f o r  the  D\HK cross  s e c t io n  as de te rm ined  f ro m  the 
de Haas-van A lphen d a ta . ^  The dashed p o r t io n  o f  the Ta HK c ross  
s e c t io n  shown in  F ig .  17 was e x t ra p o la te d  t o  g iv e  the  c o r r e c t  a reas .  
No s im i l a r  e x t r a p o la t i o n  was p o s s ib le  f o r  th e  s e c t io n  shown in  F ig .
18 because here  the  c a l ip e r s  do n o t  t ra c e  o u t  the  maximum area o r b i t  
on the  "c a p "  o b ta in e d  w i t h  JH || [ 1120] .
D. The T h ird  Band " S t a r s "
The t h i r d  band " s t a r s "  c o n s js t  o f  th re e  n o n -e q u iv a le n t  e le c t r o n  
pocke ts  pe r B r i l l o u i n  zone c e n te red  a t  the p o in t s  L. The " s t a r s "  
have o n ly  two f o l d  symmetry about each o f  the  LH, LM, and LA l in e s  
and th e  th re e  n o n -e q u iv a le n t  " s t a r s "  a re  r o ta te d  120°  f ro m  each 
o th e r  in  the  (0001) p la n e .  Thus t o  a s s ig n  c a l ip e r s  to  t h e  " s t a r s "  
a l l  th re e  pocke ts  must be c o n s id e re d  w i t h in  )| [OOOl], and two must 
be co n s id e re d  b o th  w i t h  j i  || [ 1010] and w i th  £  || [1 1 2 0 ] .  T h is  im p l ie s  
t h a t  w i t h  in [| [ 0001] one would e x p e c t  t o  o b ta in  th re e  c a l i p e r s  f o r  
the  s ta r s  in  the  3O0 range o f  r o t a t i o n  o f  between [ 1010] and 
[ 1120] w h ich  degenera te  i n t o  two c a l i p e r s  w i t h  JH a long  e i t h e r  o f  
th e  axes. I f  these  th re e  s e r ie s  were connected end to  end on a 
p o la r  p l o t  then th e  p r o je c t i o n  o f  th e  " s t a r s "  o n to  the  (0001 ) 
p lane  would be o b ta in e d .  W ith  |j [ 1010] th e  c a l ip e r s  wou ld  t ra c e  
the  two p r o je c t io n s  o f  the  s ta rs  o n to  the  (1010) p lane . The
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c a l ip e r s  ob ta in e d  w i t h  in || [1120] shou ld  t ra c e  the  AHL cross  s e c t io n  
in  a d d i t io n  t o  the c ross  s e c t io n  formed by a p lane ro ta te d  60°  
a long  the  LM l i n e  from  the  TALM p lane and pass ing  th ro ugh  the  p o in t  
L.
S e r ie s  G, N, R, and U have been ass igned to  the " s t a r s " .  S e ries  
G was ass igned as the  p r o je c t io n  o f  the  s t a r  on to  th e  (0001) p lane . 
Th is  s e r ie s  cou ld  be fo l lo w e d  o n ly  56°  in s te a d  o f  the  90° expec ted . 
Th is  is  because the l in e s  produced by these  c a l ip e r s  a re  o f  low 
in t e n s i t y  and they  became obscured by the  more in te n s e  l in e s  as they  
moved to  h ig h e r  m agnetic  f i e l d s .  S e r ies  N was ass igned  as th e  p ro ­
j e c t i o n  o f  the " s t a r s "  on to  the  (1010) p la n e .  Only one ins tead  o f  
the  expected two c a l ip e r s  were observed and s e r ie s  N d e v ia te d  from  
what was expected from  the  s in g le  0PW model as JH was ro ta te d  away 
from [OOOl] -  the va lues  o f  N in c re a s in g  ins tead  o f  d ec rea s ing .
S e ries  R has been ass igned t o  the  AHL c ro ss  s e c t io n  and U has been 
ass igned  t o  the c ross  s e c t io n  ro ta te d  6 0 °  from the TALM p lane . The 
c a l ip e r s  R and U agree reasonab ly  w e l l  w i t h  the s in g le  0PW v a lu e s .
The d iam e te r o f  the  " s t a r "  a long  the  HL l i n e  was s l i g h t l y  
s m a l le r  than th a t  p re d ic te d  by the s in g le  0PW c o n s t r u c t io n .  The 
p r o je c t io n  o f  the  " s t a r "  o n to  the (0001) p lane  was c o n s id e ra b ly  
s m a l le r  than p re d ic te d  f o r  d i r e c t io n s  p a r a l l e l  t o  th e  AL l i n e .
No c a l ip e r s  were observed wh ich would g iv e  the maximum s iz e  o f  the  
" s t a r s "  in  the [ 000 l ]  d i r e c t io n .
E. Unassigned Data
S e r ies  H, I ,  J, K, V, and have not been ass igned to  
p a r t i c u l a r  o r b i t s .  The peaks ob ta ined  f o r  s e r ie s  H, Vr  and
were o f  moderate i n t e n s i t y  w h i le  s e r ie s  I ,  J, and K were o f  low 
i n t e n s i t y  r e l a t i v e  to  the  o th e r  peaks observed (see F ig s .  6 and 8 ) .  
The s e r ie s  H remained an a lm os t c o n s ta n t  v a lu e  less  than the  
m in im a l open o r b i t  A. and have the  same appearance as the 
" w a is t "  o r b i t  Wj b u t  have s m a l le r  va lues  f o r  each o r ie n t a t i o n  o f  
H. in  the  (1120) p lane .
V I .  CONCLUSIONS
The t h i r d  band " le n s "  was found t o  be round and smooth .w ith  
the  p r i n c i p l e  d iam e te rs  g ive n  in  T ab le  I .  The s e p a ra t io n  in  
k-space between the  " le n s e s "  in  a d ja c e n t  B r i l l o u i n  zones has been 
c a lc u la te d  and is  p resen ted  in  Tab le  I I .
The second band ho le  s u r fa c e  ( "m o n s te r " )  is  much s m a l le r  near
the  AHL p lane  than  p re d ic te d  by the  s in g le  OPW method, and is
somewhat s m a l le r  in  the  D iK  p lane  than p re d ic te d .  S e r ies  and
a re  s im i l a r  t o  the  " w a i s t "  s e r ie s  Wj. I t  would seem th a t  c a l ip e r s
and m ig h t  in d ic a te  the  presence o f  openings in  the  bo ttom  o f
the  " v a l l e y "  o f  the  "m o n s te r"  near th e  HK l i n e .  However, t h i s  is
no t b e l ie v e d  t o  be the case because no s im i l a r  s e r ie s  were o b ta in e d
f o r  j i  || [ 10103, and the e x is te n c e  o f  the  " v a l l e y "  o r b i t  X p laces
s t r i n g e n t  requ irem en ts  on the  p o s i t i o n s  o f  any openings t h a t  m igh t
o ccu r .  The most c o n v in c in g  argument a g a in s t  t h e i r  e x is te n c e ,
however, is  th e  f a c t  t h a t  no p o s i t i o n  f o r  the  openings co u ld  be
found which y ie ld e d  the  c a l ip e r s  and W^. In  p a r t i c u l a r ,  the
va lu e  o f  is  la rg e r  than  one h a l f  o f  the v a lu e  o f  Wj f o r  each
d i r e c t io n  o f  H wh ich  shou ld  no t be the  case i f  W_ arose from  o r b i t s  
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pass ing  th rough  an open ing . I t  is  then concluded t h a t  th e  second 
band ho le  s u r fa c e  is  c o n t in u o u s  a long  the  HK l i n e ,  and the  
e x is te n c e  o f  s e r ie s  and cannot be e x p la in e d  on the  bas is  
o f  an opening.
48
49
TABLE I I .  S e p a ra t io n  o f  the  v a r io u s  sh e e ts  o f  
th e  Fermi s u r fa c e  in  k~space..
P o s i t io n  o f  S e pa ra t ion S e p a ra t io n (A "1)
Between:
F i r s t  band ho les  and 
second band ho les 
in  AHL p lane
a long  AH l i n e 0.004
a long HL l i n e 0.014
Second band ho les  and 
t h i r d  band e le c t r o n s  
( " le n s " )  in  IMK p lane
a long  IX  l i n e O.O63
Arms o f  the  second 
band ho le  su r fa ces  
in  the  IMK p lane
p a r a l l e l  t o  MK 1ine 0 .127
Second band ho les  and
t h i  rd band e le c t r o n s  ( " s t a r s " )
a long  HL 0.251
T h ird  band " le n s e s "  in  
a d ja c e n t  B r i l l o u i n  zones
along  IA  l i n e 0,580
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The s e p a ra t io n  between the  "m onste r a rm s" is  c a lc u la te d  from
F ig .  16 and p resen ted  in  Tab le  I I .  The s e p a ra t io n  between th e  second
band ho le  s u r fa c e  and the  t h i r d  band e l e c t r o n  s u r fa c e  a long  th e  HL
l i n e  is  c a lc u la te d  from  in fo r m a t io n  in  F ig s .  1, 12, 16 , and 19*
The f i r s t  band h o le  s u r fa c e  was found t o  be much s m a l le r  near
the  AHL p lane  than  p r e d ic te d  by th e  s in g le  OPW c a l c u la t i o n .  There
a re  v e ry  s m a ll  s e p a ra t io n s  between the  f i r s t  and second band ho le
s u r fa c e s  in  t h i s  p la n e ,  and th e y  a re  p re s e n te d  in  T ab le  i l .  T h is
v e r y  sm a ll s e p a ra t io n  is  r e s p o n s ib le  f o r  th e  m agne tic  breakdown
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t h a t  has been observed in  s e v e ra l  e x p e r im e n ts .  The e x te n t  o f  the 
f i r s t  band h o le  s u r fa c e  a lo n g  the  HK l i n e  is  im p l ie d  by a c o m b in a t io n  
o f  th e  p re s e n t  da ta  w i t h  the  a rea  da ta  o f  Tsu i and S ta rk ^  (see
F ig .  17) .
The t h i r d  band e le c t r o n  " s t a r "  is  found  t o  d e v ia te  s i g n i f i c a n t l y  
f rom  the  s in g le  OPW s u r fa c e .  Not enough d a ta  is  a v a i l a b le  on t h i s  
s u r fa c e  t o  a s s ig n  t o  i t  a d e f i n i t e  shape.
No kc v a lu e s  c o u ld  be ass igned  t o  the  f o u r t h  band e le c t r o n s  
( " c i g a r s " ) .  The sm a ll  ra d iu s  o f  c u r v a tu re  expec ted  on the  ends
I
o f  th e  " c i g a r "  would make the  l i n e  e x t re m e ly  weak, and th e  s m a l l  
d im ens ions in  th e  o th e r  d i r e c t i o n s  would p la c e  the  peak a t  v e r y  
low m agnetic  f i e l d s  where i t  would be d i f f i c u l t  t o  d e te c t  due t o  
r a p i d l y  chang ing  s u r fa c e  impedance wh ich  is  always encoun te red  a t  
low m agnetic  f i e l d s .  Thus the  f a c t  t h a t  no s iz e  e f f e c t  peaks a re  
observed w h ich  can be a t t r i b u t e d  t o  the  f o u r t h  band " c ig a r s "  by 
no means p re c lu d e s  t h e i r  e x is te n c e .
APPENDIX I .
C a lc u la t io n  o f  the  L ine  Shape o f  the  R ad io -F requency  
S ize  E f f e c t  in  M e ta ls
In t h i s  s e c t io n  l i n e  shapes f o r  th e  s iz e  e f f e c t  peaks a re
c a lc u la te d  under r a th e r  id e a l iz e d  c o n d i t io n s .  To do t h i s  the
18
method o f  Kaner and F a l 'k o  is  fo l lo w e d  and expanded upon where 
necessary . The b u lk  o f  the  m a th e m a tica l m a n ip u la t io n  w i l l  be l e f t  
t o  the  reade r,  b u t  a d e s c r ip t i o n  o f  each s tep  in v o lv e d  in  d e v e lo p in g  
the  th e o ry  is  g iv e n .
To c o n s t r u c t  a th e o ry  o f  the  s iz e  e f f e c t  l i n e  shape i t  is  
necessary  t o  s o lv e  M a x w e l l 's  e q u a t io n s  s im u l ta n e o u s ly  w i t h  the  
k i n e t i c  e q u a t io n  (B o ltzm ann 's  e q u a t io n )  f o r  th e  e le c t r o n  d i s t r i b u t i o n  
in  the  p la te .  The c o o rd in a te  system used here is  chosen as fo l lo w s :  
The x  a x is  c o in c id e s  w i t h  the  d i r e c t i o n  o f  the  c o n s ta n t  m agnetic  
f i e l d  JH ( the  v e c to r  JH is  p a r a l l e l  t o  the  s u r fa c e  o f  the  p l a t e ) ,  
and th e  z a x is  is  p a r a l l e l  t o  th e  inward normal t o  th e  s u r fa c e  
o f  the  p la te  z = 0. A l l  q u a n t i t i e s  a re  assumed t o  have a t im e  
dependence o f  exp ( -  lout), where cu is  the  f re q u e n c y  o f  the  
a p p l ie d  .e le c t ro m a g n e t ic  f i e l d .  M a x w e l l 's  two c u r l  e q u a t io n s  a re
ao
combined by e l im in a t i n g  JH. The d is p la c e m e n t  c u r r e n t  is
n e g le c te d  because cu is  assumed t o  be much s m a l le r  than the  
c o n d u c t i v i t y  o f  th e  m eta l a .  Th is  y ie ld s  the  f o l l o w in g
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e q u a t io n s :
9  E c / Z ^  .  kit  0 1  .  f V  ,  V ,  V
 o—  = - i  — 2 ~  (® “ x ,y )  . (1)
3z c
The Boltzmann e q u a t io n  f o r  f ,  the  e q u i l i b r i u m  a d d i t io n  t o  the  
Fermi d i s t r i b u t i o n  f u n c t io n  fg (e )>  is  o b ta in e d  by c o n s id e r in g  th e  
f o l l o w in g  e q u a t io n :
B f . B f i B f . B f
B t 1 „  . 3t> . . . B t 1 . "* 3 t  's c a t t e r i n g  f i e l d s  d i f f u s i o n
f  is  assumed t o  have t im e  dependence e x p ( -  iu>t), thus
B f / 3 t  = -  i to f . I f  th e  concep t o f  a r e la x a t i o n  t im e  i s  in t ro d u c e d ,
i 19then  B f / B t  | s c a t t e r i n g  = -  v f ,  where v is  the f re q u e n cy  o f
s c a t t e r i n g .  The term  due to  th e  in t e r a c t i o n  w i t h  th e  e le c t r o m a g n e t ic
19f i e l d s  is  known to  be
2£l n 4. « c h f °
f i e l d s  ST
where Vj and e a re  the e le c t r o n  v e l o c i t y ,  momentum, and 
ene rgy , r e s p e c t i v e ly ;  Cl = eH/mc is  the c y c lo t r o n  f re q u e n c y ,  
w h ich  depends on e and p ; 2 itm(e,p ) = BS (e ,p  ) / 3 e  , whereX X X
S (e ,p  ) is  the  area o f  the  in t e r s e c t io n  o f  th e  e q u a l-e n e rg y  
s u r fa c e  w i t h  the p la n e  p = c o n s ta n t ;  and t  is  the  d im e n s io n le s sX
t im e  o f  m o t io n  o f  the  e le c t r o n  a lo n g  the o r b i t  in  p -space , 
t  = f it  .
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19The term due t o  d i f f u s i o n  is  s im p ly  :
5 f |  Sf
3 t '  . . r r  . VZ 3zd i f f u s io n
By re a r ra n g in g  term s, the  f o l l o w in g  i s  o b ta in e d  f o r  the  Boltzmann 
e q u a t io n :
vz S  + “ t £  + <v '  iu ) ) f  ■ e Eo  va  S T  • (£)
The c u r re n t  d e n s i t y  j  is  g iven  by
i a -  ' jjf I  V  d3» •
The f i e l d  component ( the  H a l l  f i e l d )  has been n e g le c te d  in
20the above d is c u s s io n .  I t  has been shown t h a t  leads o n ly  t o
a sm a ll c o r r e c t io n  in  Eqs. {1) -  (3 ) .  Th is  is  due t o  th e  f a c t  t h a t
the main c o n t r ib u t i o n  o f  the  c u r re n t  d e n s i t y  is  made by e le c t r o n s
moving a lm ost p a r a l l e l  to  th e  s u r fa c e  o f  the m e ta l.  I t  can th e r e fo re
be assumed t h a t  E = 0 , and j  = 0 .z ’ Jz
The f u n c t io n  f  is  s e t  equa l t o  z e ro  o u ts id e  th e  p la te ,  i . e .
where d is  the  th ic k n e s s  o f  the p la te .
The cond i t  i ons foir d i f f u s e  r e f l e c t i o n  o f  th e  e le c t r o n s  from 
the s u r fa c e  o f  the  p la te  a re  g iven  as:
5**
f ( ° , v , | Vz>o = °  ; f a v ) | Vz<0 = 0 . (5 )
To s o lv e  Eq. (3 ) f o r  f  , the  Laplace t ra n s fo rm a t io n  is  a p p l ie d :
d
F (p ,T) = J f  ( z , T ) e  pz dz 
0
and >
<Up , t ) = v . E(z) e ‘ pz dz .
Equa t ion  (3 ) is  m u l t i p l i e d  th ro u g h  by exp ( -pz )dz /£ l and in te g ra te d  
from  ze ro  t o  d y ie ld in g :
+ (Y +  = G ( p , t )  +  ~  [ f  ( 0 , t )  -  f ( d , T ) e  p d ] ,  (6 )
where y  = (v  -  ia i) /H  . Th is  i s  so lved  to  y ie ld :
F ( p , t )  =  J dT exp[J* 1 (y  +  — •) dT ]
— 00 j
v (T i ) *
X { G t p ^ j )  + -  [ f  ( 0 , ^ )  -  f ( d , T x ) e” P ] }  . (7)
The in v e rs e  t ra n s fo rm a t io n  is  a p p l ie d
s + i “
f ( z jT )  X F (p ,T )e pz dp
s -  i 00
T T T
f ( z , T )  = J* dT j exp(J VdTgHgfc + ^  J
v (t , )  , t
+ “15----- t f (0 ,T 1)6(z + jj J vzdV
T
-  f ( d , T 1) 6 (z -  d + ^ J  ^v_^dTg) ] }
T
The d e l ta  fu n c t io n s  a r i s e  from
s + i00
6 ( z )e x p ( - z s )  = - r - r  J  exp(Xz)dX
s- i°°
wi th  s = 0 .
I t  f o l lo w s  from the  boundary c o n d i t io n s  (5 ) t h a t  
f ( O j t ) = - s g n t v ^ f  ( 0 , t )  , and f (d , * r )  = s g n tv ^ f ( d ,T )
where
s 3 " (x) = t l  ( S o )
D e f in in g  the  fu n c t io n  u (z , t ) as:
and u s in g  (9 ) ,  Eq. (8 ) becomes
T T
u (z , t ) + J dT t  u(z + ^  J ^ d T ^ T j )
|v  ( T , ) I . T.
X L ^ ± l i b { z + ^ l  VzdT2)
+ 6 ( z - d + ^ J ’ 1 v d T . ) }
T T1 x , 1 r T lJ* exp t j*  YdT )g (z  + q  J* v dT , t )dT
-co 0 T
Making use o f  the  d e l ta  f u n c t io n s ,  t h i s  reduces to
^ s (z , t )
u (z , t ) + I u (z + ^  J v dT A s (z , t ) )
S T 2
T T T
= J dT exp (J* 1 YdT )g (z  + £  J* 1 v dT ,T  ) ,
-oo g c
where Xs (z , t ) a re  d e f in e d  as the ro o ts  o f  one o f  the  e q u a t io n s ,
X s ( z , t )
z + £  f r  v z dT2  *  M
such t h a t  t  ^  >  Xg >  . . . > - 00 . X^ then is  the  in s ta n t  o f
the l a s t  c o l l i s i o n  o f  the  e le c t r o n  w i t h  the  b o u n d a r ie s .  For 
e le c t r o n s  th a t  do n o t  c o l l i d e  w i th  the  bounda r ie s  X^ = -®  .
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By d i r e c t  s u b s t i t u t i o n  i t  is  easy to  show th a t  the s o lu t i o n  to  
Eq. (11) is
T T T
u ( z , t )  = j* dT, e x p ( f  1 YdT0 ) g (z  + ^  $  1 v ^ t ^ T j )  , (13)
where i t  is  noted th a t
M z + s  J- s ' z ' v V  = W I jT )  • (14)T
The s o lu t i o n  t o  the Boltzmann e q u a t io n  (2) is  then o b ta in e d  f o r  
the  boundary c o n d it io n s  (5 ) by us ing  ( 10)
The s o lu t i o n  (15) has a ra th e r  s im p le  p h y s ic a l  meaning. E le c t ro n s  
th a t  do no t c o l l i d e  w i t h  the  boundar ies  o f  the  m e ta l a re  d e sc r ib e d  by 
the  d i s t r i b u t i o n  fu n c t io n  o f  the unbounded m e ta l .  The presence o f  
the  boundary a f f e c t s  the  d i s t r i b u t i o n  o f  the e le c t r o n s  whose 
t r a j e c t o r i e s  c ross  a t  le a s t  one o f  the  boundaries  d u r in g  each r e v o lu t io n .  
Because o f  th e  d i f f u s e  n a tu re  o f  the  r e f l e c t i o n ,  these e le c t r o n s  a re  
" i n e f f e c t i v e "  in  c o n t r i b u t i n g  t o  the  c u r re n t  d e n s i t y  in  the  m e ta l.
The e le c t r o n s  th a t  do no t c o l l i d e  w i t h  the boundary can pass th rough  
the s k in  la y e r  Cl/v t im es (Cl »  v ) .  I t  is  these  e le c t r o n s  th a t
X e x p t - Q^  ( t ‘ -  t ) ] (15)
de te rm ine  the  c u r r e n t  d e n s i t y  in  the  m e ta l.
The re g io n  in  phase space occup ied  by the  e f f e c t i v e  e le c t r o n s  
can be o b ta ined  in  the f o l l o w in g  manner. The unp e rtu rbed  equ a t io n s  
o f  m otion  o f  the  e le c t r o n s  a re :
p = -  ® v X H . ( l 6 )
rw C ^
The d o t  denotes the  f i r s t  d e r i v a t i v e  w i t h  re s p e c t  t o  t im e .  The 
component o f  m o t ion  normal t o  the  s u r fa c e  is  de te rm ined  by
z eH Py > ( IT )
wh ich has a s o lu t i o n
z ( T) = -  ^  Py ( t )  + zQ (18)
zQ depends o n ly  on px and e. The c o n d i t io n  th a t  the  e le c t r o n  
o r b i t  be c o n ta in e d  c o m p le te ly  in  the p la te  is
z -  z . <  d , (19)max m1n
where
z -  z . = “77 (p "  p . ) = D , (20)max min eH *ymax Kymin * '
(maximum and minimum w i th  re s p e c t  to  T ) .
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For c lo s e d  o r b i t s  ( th e  o n ly  k in d  c o n s id e re d  he re )  the  m o tion  o f
th e  e le c t r o n  in  th e  yz p la n e  is  bound. D (e ,p  ) is  the  maximum
dim ension  o f  th e  o r b i t  a lo n g  the  z a x i s .  The e le c t r o n s  t h a t  do n o t
c o l l i d e  w i th  th e  boundar ies  a re  those f o r  wh ich
z . >  0 , z <  d , (21 )m i n max
t h a t  i s ,  from  ( 2 1 ) and ( 18)
i H pyma x < z O < d + ^ P v m t n  ’ ^
S o lv in g  (18) f o r  z Q and s u b s t i t u t i n g  i n t o  the  above
z l <T' px ) “  STF (Pymax- py> <  z <  d "  S h V  Py m ln ) = z S (t ' |,x ) ' (23)
The usua l e x p e r im e n ta l  a rrangem ent is  to  p la c e  the  m e ta l p la te  
in  a f l a t  c o i l  and impose the  r a d io - f re q u e n c y  f i e l d  a n t is y m m e t r ic a l l y  
on the  two fa c e s .  I t  is  s im p le r  t h e o r e t i c a l l y  t o  c o n s id e r  a 
u n i l a t e r a l  e x c i t a t i o n ,  and t h i s  is  the  prob lem  c o n s id e re d  h e r e a f t e r .
The ra d io - f re q u e n c y  s iz e  e f f e c t  is  concerned w i t h  the  p r o p e r t ie s  
o f  th e  r e f l e c t e d  wave from  the  m e ta l de te rm ined  by the  s u r fa c e  
impedance te n s o r  Z ' d e f in e d  asQfp
2  e H o T  ’ ^ }c p
E_,(0) and E' (0 )  a re  the  t a n g e n t ia l  components o f  the  e l e c t r i cof p
f i e l d  and t h e i r  normal d e r i v a t i v e s  on the  s u r fa c e  z = 0 , r e s p e c t iv e ly .
To f i n d  Z „ Q M a x w e l l 's  e q u a t io n s  ( l )  m ust be s o lv e d .  For 
“ P
conven ience th e y  s h a l l  be so lved  in  the  F o u r ie r  r e p re s e n ta t io n .  ( z )
is  then f o r m a l ly  c o n t in u e d  o u ts id e  th e  p la te  as f o l lo w s :
Ea (z) = 0  (z >  d ) ,  E<*("z ) = Ea (z ) * (25)
The F o u r ie r  components a re  d e f in e d  as
d
I J k )  = 2 J dzE (z )  cos kz 
0
00
E (z )  = *  1 T dk § (k) cos kz . (26 )
0
By m u l t i p l y i n g  ( l )  by 2  cos kzdz and i n t e g r a t i n g  from  ze ro  t o  d, 
the f o l l o w in g  is  o b ta in e d :
k % ( k )  + 2E^(0) -  2E^(d) cos kd -  2 kEa (d) s in  kd
= Afrclcuc“ 2 j a (k )  . ( 27 )
Assuming t h a t  the z dependence o f  ^ ^ (z )  i s  o f  the  fo rm  
exp ( icoz /c )  , i t  f o l lo w s  t h a t  E1 (d ) = ifloc * > anc* t h e r e fo re
the  t h i r d  te rm  on the l e f t  s id e  o f  Eq. (27 ) i s  kc/aj ~  c/co6 t im es  
s m a l le r  than th e  f o u r t h  te rm . The te rm  2kEa (d ) s in  kd d e s c r ib e s  
the  change in  the  e le c t ro m a g n e t ic  f i e l d  a t  th e  s u r fa c e  z = 0 due 
t o  r e f l e c t i o n  from  th e  s u r fa c e  z = d. T h is  te rm  must be c o n s id e re d
6l
i f  anomalous p e n e t ra t io n  o f  the  f i e l d  takes p lace .  I f  the th ic k n e s s  
d o f  the sample is  c o n s id e ra b ly  g re a te r  than the dep th  o f  p e n e t ra t io n  
6 ( the  usua l e x p e r im e n ta l c o n d i t io n ) ,  then t h i s  term may be neg lec ted .  
In  t h i s  case the  in f lu e n c e  o f  th e  f i n i t e  sample th ic k n e s s  is  m a n ife s t  
o n ly  in  the  manner in  which the  F o u r ie r  component o f  the  c u r re n t
d e n s i t y  j a (k )  <s changed. I f  the  sample th ic k n e s s  is  much g re a te r
than the c h a r a c t e r i s t i c  e le c t r o n  o r b i t  d imension Dq, the f i e l d  
d i s t r i b u t i o n  and s u r fa c e  impedance a re  v e ry  n e a r ly  those o f  a semi­
i n f i n i t e  m e ta l.
The F o u r ie r  component o f  th e  c u r re n t  d e n s i t y  j y ( k )  can now be
c a lc u la te d .  The s iz e  e f f e c t  takes  p lace  by " c u t o f f "  o f  the e le c t ro n s
w i th  e x tre m a l d iam e te r  D. In th e  s im p le s t  case o f  a s in g ly -
connected and convex Fermi s u r fa c e ,  the  extremum o f  the  f u n c t io n
D(p ) = D. is  a t t a in e d  on the c e n t r a l  s e c t io n  p = 0 . The
r x 0 r x
c u r re n t  produced by th e  e le c t ro n s  w i th  d (px ) &  dq ' s a long  the  
y ax i s .
S ince the  freq uency  v is  o f  the o rd e r  o f  10 9 sec * ,  and
7 “ 1the  a p p l ie d  ra d io - f re q u e n c y  oj is  o f  th e  o rd e r  o f  1 0 ' sec , then:
CJD «  v
Thus y  -* v/Cl «  1.
I f  Eq. (15) is  s u b s t i t u t e d  i n t o  Eq. (3 ) and E^ is  expressed 
in  the F o u r ie r  r e p re s e n ta t io n  s im i l a r  t o  Eq. (26) ,  then the f o l l o w in g  
r e s u l t s :
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x  max m
00
X J ^ d k '§ y ( k ' )  cos k ' t z  + ^ ( P y (T>Px ) "  Py (T ' ; P x ) ) l  (28 )
where
e w - t i  E K0 (x<0 )
By the use o f  0 (d— D) and by s e t t i n g  the  l i m i t s  o f  in te g r a t io n  on 
z by Eq. (2 3 ) ,  o n ly  the  e le c t r o n s  t h a t  do no t c o l l i d e  w i th  the  
boundaries  c o n t r ib u te  t o  j y (k ) .
The i n t e g r a l  w i th  re s p e c t  t o  z can be perfo rm ed in  e lem e n ta ry  
fa s h io n .  To s im p l i f y  the  c a lc u la t i o n  o f  th e  in te g r a ls  w i th  re s p e c t  
t o  T and t 1j I t  s h a l l  be assumed t h a t  the  p r o je c t io n s  o f  the  
e le c t r o n  o r b i t s  on the  yz p lane  a re  c i r c l e s .  Then
vy (T) = vJ_(px ) s in  t , py = m(px ) v y (T ,px ) . (29)
In the  l i m i t i n g  case as y -* 0,  Eq. (28) becomes
x max
x  min
X J j ( k R ) ( k * R )  • [ s i n ( k - k ' )  (d-R) -  s i n ( k - k ' ) R ]  , (30)
1
where J (A) = — P cos(n<t> -  A. s fn  4*)d*t> is  a Bessel f u n c t io n  and 
n *  J Q
2R = D (p ) •
Equation  (27 ) can be so lved  f o r  § y (k )  by n e g le c t in g  the 
a fo rem entioned  terms to  y ie ld :
- 2 E ' (0)
! v (k) -  - 5 ----- 1 - ; ; ---------  , (31)
y k - i  W u c  Oyy (k)
where ^ ( k )  = j a?( k ) / § ^ ( k )  .
The s u r fa c e  impedance Z as d e f in e d  in  Eq. (2*0 can be 
wr i t t e n  as:
Z = R + iX =  J* dkg (k) (32)
c E1(0 ) 0 y
y
GO
because E (0) = — P dk § (k )  cos k0 . 
y « J 0 y 
I t  is  not the  s u r fa c e  impedance th a t  is  measured in  the  ra d io ­
frequency  s iz e  e f f e c t ,  b u t  r a th e r  th e  f i r s t  d e r i v a t i v e  o f  Z w i th
respec t t o  the s t a t i c  m agnetic  f i e l d  H. S ince the  l i n e  w id th  is
sm a ll (AH/H ~  5 / d ) ,  and kc = Hd (kc is  c o n s ta n t  f o r  a g iven l i n e ) ,  
the d e r iv a t i v e  o f  Z w i t h  re s p e c t  t o  H is  the  same ( w i t h in  a 
co n s ta n t  f a c to r )  as the  d e r i v a t i v e  w i t h  respec t  to  d, the  th ickn e ss  
o f  the  p la te .  T h e re fo re ,
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By d i f f e r e n t i a t i n g  the  s im p l i f i e d  Eq. (27 ) w i t h  re s p e c t  t o  d, 
and u s in g  e x p re s s io n  (30 ) f o r  jy(k) ,  the  f o l l o w in g  r e s u l t  is  
o b ta in e d :
(k2 _ i ^ CT ( k ) ) = ftzrim 4 e f
( c 2 yy ad c 2 h3v
pr x  max o 
X J* dp^mv 0 (d -  D)
^x  min
X f  d k 1C ( k 1) c o s [ ( k - k 1) ( d - R ) ] j , ( k R ) J . ( k 1 R) . (3*0
n y 1 1
By s o lv in g  Eq. (34 ) f o r  d § y ( k ) /3 d  , s u b s t i t u t i n g  t h i s  i n t o
Eq- (33)> and u s in g  Eq. (3 1 ),  one o b ta in s ,  assuming even symmetry
in  p : 
r x
n1 —. 1 2 r x  max 0
V  -  (*f) t ;— ------ 2  J1 dp mv 9 (d-D)B , (35)
c2 h v[Ey(0)3 J0 x
where
B = 2 J* dk§ ( k ) s in  k (d -R )J  (kR) . (36 )
0 y 1
Near a r a d io - f r e q u e n c y  s iz e  e f f e c t  l i n e ,  R ~  -  , thus  d-R ~  R. 
In the re g io n  o f  s m a l l  k where J j ( k R )  d i f f e r s  m a rke d ly  from  
i t s  a s y m p to t ic  fo rm  the  f a c t o r  s in  k (d -R )  is  s m a l l .  T h e re fo re  
the i n t e g r a l  is  n o t  s i g n i f i c a n t l y  a l t e r e d  by r e p la c in g  J^(kR ) 
by i t s  a s y m p to t ic  fo rm  -
J 1 (kR) s i n (kR -  J )  .
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Using the  t r ig o n o m e t r ic  i d e n t i t y  f o r  the  p ro d u c t  o f  two s in e  f u n c t io n s ,  
B becomes:
1/2  00
8 = ' < #  J f l / 2  5y (k){sir.[k(d-D) -  j}]
+ s in (k d  + ^ ) }  . (37 )
The second term in  c u r l y  b ra cke ts  is  a r a p id ly  o s c i l l a t i n g  term , 
whereas the f i r s t  term changes more s lo w ly  over the  l i m i t s  o f  the  
l i n e  ( jd -D | ~  1 / k ) .  The second te rm  w i l l  then be n e g le c te d .  Th is  
y ie ld s  an exp ress ion  f o r  the  s u r fa c e  impedance o f :
p 2
Zi™ o a™ 2 x  max mv
V  (d-D ) = ( ^ f ) 2  -  J  dp —
0 c 2 h v [E ^ ( 0 ) ]  0 x  R
X 0(d-D)ilr2 (d-D) (38 )
where
* (q) = ■ L  7 U 2  V k) s in [k q  "  £ ]  • (39)U K
I f  ^ y (k )  is  conve rted  back t o  the  c o o rd in a te  re p re s e n ta t io n
in  Eq. (39); then
Mq) = ■ / f  JQ dz Ey(z) J'o‘Jjl7£ cos kz sin(kq - f) * (̂ °)
The i n t e g r a l  ove r k can be computed by w r i t i n g :
cos kz s in (k q  -  [ s i n  k (z+q ) -  s in  k ( z -q )
-  cos k (z  + q) -  cos k (z  -  q ) ]
The in t e g r a l  ove r  k is  then
(z>q)
"  dk . 2J —T7p cos kz sin(kq - ?) = [ (4l)J0 k1/2 *  0 (z<q)
Thus
d E ( z )
i|f(q) = J dz — 1 — T jo  • (^2)
q (z~q)
Express ions (38 ) ,  (39)* and (3 1) c o n ta in  the s o lu t i o n  to  th e  
l i n e  shape o f  the  ra d io - f re q u e n c y  s iz e  e f f e c t .  The in te g r a t io n s  
cannot be c a r r ie d  th rough  in  genera l fo rm , thus some s im p l i f i e d  
f i e l d  d i s t r i b u t i o n  must be assumed. The e l e c t r i c  f i e l d  w i l l  be 
assumed t o  be o f  the  form:
Ey (z) = Ey(0) e x p ( - k e f f  z )  , (43)
where the  e f f e c t i v e  damping decrement ' s g ive n  by:
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S u b s t i t u t i o n  o f  Eq. (43) i n t o  Eq. (39 ) y ie ld s :
i|r2 (d-D) = it [ E ^ ( 0 ) ] 2 k j f  e x p [ -2 k e f f ( d -D ) ]  , (45)
where the a p p ro x im a t io n
D « p ( - k  f f  u) -  exP ( - ke f f  .
J 0 u i / s  — 172 .........
has been made.
S ize  E f f e c t  f o r  Maximum Diameter 
The f u n c t io n  D(p ) w i l l  be expanded in  powers o f  p abou t
X  X
th e  p o in t  p = 0 where D(p ) is  a maximum as fo l lo w s :
X  X
D<Px> = “max +i “"I 0 Px . <«>p = 0
r x
(dD/3p | = 0 ) .  Because D(0) is  a maximum, D"| is  n e g a t iv e .
X Px= 0 Px= 0
By s u b s t i t u t i n g  Eqs. (4 5 ) ,  and (46) i n t o  Eq. (38) and assuming
t h a t  p is  la rg e ,  one o b ta in s  f o r  the  s t ro n g  f i e l d  s id e  o f  the
X  IH3X
1 i ne (D <  d ) :'  max




c 2 '  h V ' ?  V | d T 1/ 2 ' Px '  0
-  (S^ ) 2  i-^ -rnsK  .  „  • ( W
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On the  weak f i e l d  s id e  o f  the  l i n e  (d <  D ) the  s tep  f u n c t io nmax
0(d-D ) e f f e c t i v e l y  changes the  l i m i t s  o f  in t e g r a t i o n  ove r p t o
2 (d-D ) 
max _=  p <  p <  p
r x r x  max
T h is  is  done by s u b t r a c t in g  the  in t e g r a t i o n  from  z e ro  t o p  from  
Eq. (47) in  the  f o l l o w in g  manner:
Z ' ' d- I,max) = C e*P [ - 2W d- 0m. x ) ]
where
X Cl -  d ) )  '  W
* ( z )  = 2 it 1/ 2  r dq e x p ( - q 2) . (5 ° )
0
S ize  E f f e c t  f o r  M in im a l D iam eter _
In t h i s  case D"| q i s  p o s i t i v e .  On th e  s t ro n g  f i e l d  s id e
px
o f  the l i n e  (d >  D . ) th e  s tep  f u n c t io n  0 (d -D ) l i m i t s  the'  min r
in t e g r a t io n  o f  p from  z e ro  to  [2 (d -D  . ) /D  I .3 r x  min ’ p = 0 >r x
thus
Z* (d-D . ) = Cw(^2k — (d-D . ) ) , min '  e f f '  m in '  '  3 (51)
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where
w (z )  = 2rt" 1 / 2  P exp (q2 -  z 2)dq  . (5 2 )
0
On the  weak f i e  Id  s id e  (d <  D . ) ,  Z ' = 0  because a l l  e le c t r o n smin ’
c o l l i d e  w i th  the  boundary.
The re a l  and im ag inary  p a r t s  o f  Z 1 a re  p lo t t e d  in  F ig .  20.
I t  w i l l  be noted t h a t  the l i n e  f o r  a maximum c a l i p e r  is  sharpe r 
on the  h igh  f i e l d  s id e ,  w h i le  th e  l i n e  f o r  a minimum c a l i p e r  
is  sha rp e r  on the  low f i e l d  s id e .  Th is  suggests a method f o r  
d i f f e r e n t i a t i n g  between a maximum and a minimum c a l ip e r  f o r  c i r c u l a r  
o rb i t s .
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APPENDIX I I 
E xpe r im en ta l C a l ip e rs  f o r  Cadmium 
Obta ined Using the Radio -Frequency S ize E f f e c t
The th re e  samples used t o  o b ta in  the  c a l ip e r s  had a room 
tem pera tu re  th ic k n e s s  o f :
A f t e r  c o r r e c t io n  was made f o r  the  the rm a l c o n t r a c t io n ,  the  
c a l ip e r s  c o u ld  be o b ta in e d  u s in g  the fo rm u las :
jn )t [ 0001] 
n || 11010]





£  II [1010]
n H [ 1120]
k .  = 0.00600H (A "1) ,
k = 0.007552H (A "1) ,C
k .  = 0.008164H (A- 1 ) .
Tab les I I I ,  IV, V, V I ,  V I I ,  V I I I ,  IX, and X c o n ta in  the c a l i p e r  
va lues  ob ta in e d  in  the  expe rim en t w i th  the  e x c e p t io n  o f  the c o n s ta n t  
k^ = I . 56O A * c a l i p e r  f o r  the " le n s "  w i th  £  || [ 0001 ] .
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TABLE I I I .  C a l ip e r  va lues  o b ta in e d  f o r  £  | | [ 0 0 0 l ] .  The
m agnetic  f i e l d  was ro ta te d  in  the  (0001) p lane .
A ngu la r  D i r e c t io n  0 ,
o f  Magnetic F ie ld  k (A )c
(A) (B) (C)
t 1120] 0.540 0 .564 O.327
1° 0.529 0.544 0 .556  0.569 O.3 2 7
2° 0.525 O.5 5 I O.57O O.329
3 ° 0.521 0 .557 O.545 O.33O
4 ° 0.515 0 .565 0.540 O.329
5 ° 0.507 O.575 0 .536 O.332
6° 0.503 0.584 0.533 O .33O
7 ° 0.501 0.590 O.525 0.333
8° 0.498 0.600 0 .522 0 .333
go 0.498 0.611 O.339
10° 0.491 0 .615 0.515 0.341
11° 0.489 0.635 0.513 0.341
12° 0.485 0 .647 O.507 0 .342
13° 0.485 0.660 0 .506 0 .348
14° 0 .482 0.674 0.503 0.353
15° 0 .482 0.689 0.500 0 .356
16° 0.480 O .7O7 0.500 0 .360
17° 0.479 O .72O 0.493 0 .366
18° 0.479 0 .494 O.3 7 I
19° O.477 0.489 0-375
20° O.477 0.488 O.3 8 I
21° O.477 0.489 O.38 I
22° O.476 0 .3 9 2
23° O.476 0 .408
24° O.476 0 .417







TABLE IV. C a l ip e r  va lues  o b ta in e d  f o r  jn | [ [0 0 0 1 3 .  The
m agnetic  f i e l d  was r o ta te d  in  the  (0001) p lane .
A ngu la r  D i r e c t io n  0 ,
o f  M agne tic  F ie ld  kc (A )
(D) (E) (F) (G)
[1120] 0.287 0.300 0.176
1° 0.288 0.300
2° 0.289 0.304 O .I77
3° 0.290 O.304 O .I75
4° 0.290 O.3O6
5° 0.291 O.3OO 0.176 0.262
6° 0.293 0.300
7° 0.296 O.3O2 0.178
8° 0.295 O .I75
9° 0.299
10° 0.299 O .I77 0.242
11° O.774 0.303
12° O.773 O.3O7 0.179
13° O.76I 0.309 0.297 0.176140 O.75O 0-314 0.296
15° 0.741 0.317 0.299 0.175 0.226
16° 0.741 0.323 0.294
17° O.73I 0.326 0.293 0.182 0.222
18° O.728 O.33O 0.294 0.183 0.218
19° 0.725 0.336 0.293
20° 0.719 0.344 0.294 0.185 0.2142io O .7I6 0.350 0.294
22° O .7 II 0.294 0.187 0.210
23° O.7O8 0.297 0. 187 0.208240 0.704 0.293
25° O.7O2 0.292 0.190 0.209
26° O.7OO 0.291
27° 0.699 0.191 0.206
28° 0.699 0.193 0.198
29° 0.699
[1010] 0.702 0 . 196
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TABLE V. C a l ip e r  va lues o b ta ined  f o r  £  | | [ 0 0 0 l ] .  The
m agnetic  f i e l d  was ro ta te d  in  the  (0001) p lane .
Angu lar D i r e c t io n  o_i
o f  M agnetic  F ie ld  k (A )c
(H) (1) (J) (K)
[ 1120] 0 ,-^53 0.314 0.360
1° 0.443 0 .462 0.313 0.360
2° 0 .435 0.470 0.313 0.359
3° 0 .434 O.477 0 .314 0.359
4 ° 0 .429 0.483 0 .315 O.355
5 ° 0.425 0.491 0 .314
6° 0 .423 O.5O3 0.314
0.419 O.5 IO 0.314
8° 0 .414 O.522 0.314
9° 0 .414 0.528 0.314
10° 0 .407 0.534 O.32O
11° 0 .404 0.546 0.323
12° 0.401 O.552 0.325
13° 0.401 0.566 0.330
14° 0.399 O.582 0 .336
15° 0.398 0 .597 0.341
160 0.396 0 .614 0-344
17° 0.396 0 .626 0.350
18° 0.395 0.644 0 .356
19° 0 .392 0.659 0 .363
20° 0.389 0 .672 O .37 I
21° 0.388 0 .377
22° 0 .387 0.505




27° 0 .384 0 .576
28° 0 .384 0 .596
29° 0 .384
[ 1010] 0 .384
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TABLE V I .  “ Lens" c a l i p e r  va lues  o b ta in e d  f o r  || E1010]. The
m agne tic  f i e l d  was ro ta te d  in  the  (1010) p lane .
A n gu la r  D i r e c t io n
o f  M agne tic  F ie ld  k (A )c
A n gu la r  D i r e c t io n  
o f  M agne tic  F ie ld
o_ 1
kc (A *)
[ 0001 ] 1.516 4 2 ° 0 .7 4 4
1° 1.514 4 4 ° 0 .729
2° 1.503 4 6 ° O .7O6
3 °  . 1.495 4 8 ° 0 .693
4 ° 1.482 5 0 ° 0 .680
5 ° 1.460 5 2 ° 0 .663
60 1*435 540 0 .653
jO 1.405 56 ° 0 .638
8 ° I .382 5 8 ° 0.631
9 ° 1-352 600 0 .623
10° 1.322 62 ° 0 .608
12° I .269 6 4 ° 0 .604
14° 1.220 660 0 .603
16° 1.171 68° 0 .591
18° 1.123 70° 0 .583
20° I .O 76 72° 0 .574
22° I .O 38 74° 0 .572
24° 0.999 76° 0 .566
26° O.963 78° 0 .565
28° 0 .927 80° 0.561
30° 0.891 82° O.5 5 7
32° O.865 8 4 ° 0 .555
34 ° O.838 86° O.553
36° 0 .812 88° 0 .553
38° 0.785 [ 1120] 0 .553
4 0 ° 0.767
TABLE V I I .  C a l ip e r  va lues  o b ta ined  f o r  jn | | [ l 0 1 0 ] .  The 
magnetic  f i e l d  was ro ta te d  in  th e  ( 1010) p la n e .
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Angu la r D i r e c t io n  o_i
o f  Magnetic F ie ld  k (A )c
(L) (M) (N) (P)
[ 0001] 0.268 0.310 0 .5 3 2
2° 0.266 O.3O8 0.531
40 0.264 0.308 0.531
6° 0.261 O.3O8 0 .5 3 2
8 ° 0.261 0.310 O.531
0 0 0 .262 O.312 O.532
12° 0.261 0.313 0 .536
14° 0.261 0.313 0 .536
160 0.261 0 .540 0.925
000 0 .262 0 .544 0.903
20° 0 .264 0 .544 0.880
22° O.262 O.549 0.869
24° 0 . 266 O.555 0.861
260 O.27O 0.561
28° 0.268 0 .565 0.846
30° 0.274 O.572 0.833
32° 0 .274 0 .578 0.823
340 0.281 0 .583 0.826
36° 0 .287 0.593
380 0 .604 0.819
400 0 .610 0.818
4 2 ° 0.291 0 .623 0.819
440 0.819
TABLE VII continued
A n g u la r  D i r e c t io n  









54° 0.336 0.853 1.641
56° O.863 1.646
58° 0.346 O.876 I.65O
60° 0 .892 1.652
62° 0-355 0.908 1.661
64° 0.933 1*673
66° 0.374 0.955 1.690
68° 0.982 1.711
7O0 0.400 1.012 I.7 3 7






TABLE V I I I .  "Lens11 c a l i p e r  va lues  o b ta ined  f o r  n̂ | | [ l l 2 0 ] .
The m agnetic  f i e l d  was ro ta te d  in  the  (1120) p lane .
A ngu la r  D i r e c t io n  0 , 
o f  M agnetic  F ie ld  kc (A )
Angu lar D i r e c t io n  
o f  M agnetic  F ie ld kc (A ' )
[ 0001] 1-563 42° 0 .747
1° I .556 440 0.733
2° I .560 4 6 ° O.7O8
3° 1.542 4 8 ° 0.688
4 ° 1-517 50° 0.674
5 ° 1.493 52° O.657
6° 1.460 540 0.657
7° 1.442 5 6° 0.638
8° 1.411 58° O.63 I
9 ° 1.383 60° 0.618
10° 1.356 62° 0.610
12° 1.289 64° 0.605
14° 1.226 66° 0.594
16° 1.172 68° O.592
18° 1.125 700 0.583
20° 1.086 72° 0.574
22° I .038 740 0.578
240 1.003 76° 0.574
26° 0 .967 78° 0 ,567
28° 0.929 80° 0.565
30° 0.894 82° 0.555
32° O.87O 84° 0.559
34° 0 .847 86° 0 .557
36° O.8 I 5 88° O.555
38° O.792 [ 1010] 0 .559
40° O.7 7 2
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TABLE IX. Caliper values obtained for jn | | [ l l2 0 ] .  The
magnetic field was rotated in the (1120) plane.
Angu la r  D i re c t io n  
o f  M agnetic  F ie ld
(T) (Y)
kc f r 1) 






10° 0.365 1.104 0.925
12° 0.367 I.06 3 0.886
140 O.374 I.963 I.O27 0.867 0.704
16° O.38O 1.002 O.837 0.686
18° 0.390 O.982 0.823 0.672
20° 0.400 1.820 0.959 0.810 0.665
22° 0.412 0.935 0.798 0.645
24° 0.429 0.925 O.784 0.645
26° 0.443 0.912 O.774 O.635
28° 0.461 0.898 O.765 0.625
3O0 0.480 I .7 I5 O.759 0.621
32° O.5O6 O.75I 0.621
340 0-535 O.749 O.616
36° 0.569 0.743 0.616
38° 0.614 0.861 O.737
4o° 0.678 0.861 O.743 0.616
42° O.867 0.616
440 I.67O O.867 0.623
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TABLE IX con t in u e d
A ngu la r  D i r e c t io n  o_,
o f  M agnetic  F ie ld  kc (A )
(x) (wp (w2) (w3)
46° O.87O 0.629
48° 0.874 0.618
50° 0.880 O.76I 0.641
52° 0.890 O.77O 0.651
54° 0.902 0.784
56° 0.914 O.792
58° 0.923 0.804 0.682
60° 0.939 0.821 0.706
62° 0.963 0.841 O.727
64° 0.992 O.87O 0.761
660 1.018 0.894 0.790
68° 1.057 0.937 0.839














TABLE X. C a l ip e r  v a lu e s  o b ta in e d  f o r  £  || [1 1 2 0 ] .  The
m agne tic  f i e l d  was ro ta te d  in  the  (1120) p la n e .
A ngu la r  D i r e c t io n  
o f  M agne tic  F ie ld
t0<_o
(R) (s )  (U) ( v )
[ 0001] 0 .1 8 0 0.294
2° 0 .1 8 0 0.296
4 ° 0 .180 0.298
6° 0 .1 8 0 0.298
8° 0 .1 8 0 O.302
10° 0 .1 8 2 O.3O2
12° 0 .1 8 2 0.304
14° 0 .184 O.3O8
16° 0 .1 8 4 0.310
18° 0 .186 0.314
20° 0 .1 8 8 O.32O
22° 0 .1 9 0 O.32O
2^0 0 .1 9 2 O.325
26° 0 .1 9 6 O.327 0.351
28° 0 .198 O.327 0 .359
30° 0 .2 0 0 O.327 0 .369
32° 0 .2 0 4 O.327 O.369 0 .384
34 ° 0 .2 1 0 0.331 0 .376 O.388
36° 0 .2 0 8 O.3 3 I O.382 0 .406
38° 0 .2 1 8 O.337 0.390 0.420
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TABLE X c o n t in u e d
A ngu la r  D i r e c t io n  
o f  M agne tic  F ie ld
(R)
kc (X’ 1)
(s) (u ) (V)
4o° 0.222 0.339 0.400 0.439
42° 0.229 0.343 0.414 0.463
44° 0.237 0.347 0.429 0.490
46° 0.245 0.351 0.441 O.523
48° 0.253 O.357 0.461 0.574
50° O.263 0.364 0.486 0.641
52° 0.280 O.366 0,510
54° 0.282 O.38O O.545
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